31-st Austrian Mathematical Olympiad 2000

Final Round
June 7-8, 2000

First Day

1. The sequenca, is defined byay = 4, a; = 1 and the recurrence formug, 1 =
an + 6an_1. The sequench, is given by

by = ki <E> a.

Find the coefficientsr, 8 so thatb, satisfies the recurrence formubg,; =
abp+ Bbn_1. Find the explicite form oby,.

2. A trapezoidABCD with AB || CD is inscribed in a circlk. PointsP andQ are
chose on the arBDCB in the ordetA— P — Q — B. LinesCP andAQ meet atX,
and linesBP andDQ meet afY. Show that point® Q, X,Y lie on a circle.

3. Find all real solutions to the equation

11113 =x—1] =3| = 5| = 7| = 9| = 11 — 13/ = x* — 2x— 48,

Second Day

4. In a non-equilateral acute-angled triangBC with /C = 60°, U is the circum-
center,H the orthocenter anB the intersection oAH andBC. Prove that the
Euler lineHU bisects the angIBHD.

5. Find all pairs of integer@m, n) such that

| (m? + 200aM+ 999999 — (3n+ 9n? + 27n)| = 1.

6. Find all functionsf : R — R such that for alk,y, z it holds that

f(x+f(y+2)+ f(f(x+y)+2 =2y

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



