34-th Austrian Mathematical Olympiad 2003
Final Round

Part 1 — May 28

1. Find all triples of prime numbel®, g,r) such thatp?+ p' is a perfct square.
2. Find the greatest and smallest valuef 0f,y) =y — 2, if x,y are distinct non-

2 \2
negative real numbers Witﬁxi—g < 4.

3. Given a positive real numberfind the number of real solutiorgsb, ¢,d of the

system
a(l-b?) =b(1-c?) =c(1-d?) =d(1-a) =t.

4. In a parallelogranABCD, pointsE and F are the midpoints ofAB and BC,
respectively, andP is the intersection oEC andFD. Prove that the segments
AP, BP,CP andDP divide the parallelogram into four triangles whose areas ar
intheratio1:2:3:4.

Part 2 — June 28-29
First Day

1. Consider the polynomidt(n) = n® —n? —5n+ 2. Determine all integers for
which P(n)? is a square of a prime.

2. Leta,b,c be nonzero real numbers for which there exisB,y € {—1,1} with
aa+ Bb+ yc=0. What is the smallest possible value of

a®+b3+c3 2,)
abc '

3. For every lattice pointx,y) with X,y nonnegative integers, a square of sige-

with center at the poinix,y) is constructed. Compute the area of the union of all
these squares.

Second Day

4. Prove that, for any integey > 2, there is a unique three-digit numbacy in
baseg whose representation in some base g+ 1 is cbay,.

5. We are given sufficiently many stones of the forms of a regia2x 1 and
square Ix 1. Letn > 3 be a natural number. In how many ways can one tile a
rectangle 3 nusing these stones, so that no twe 2rectangles have a common
point, and each of them has the longer side parallel to theestside of the big
rectangle?
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6. Let ABC be an acute-angled triangle. The cir&lgvith diameterAB intersects
AC andBC again atP andQ, respectively. The tangents kaat A andR meet at
R, and the tangents &andP meet atS. Show thaC lies on the lineRS.
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