36-th Austrian Mathematical Olympiad 2005
Final Round

Part 1 — May 30

1. Show that there exist infinitely many multiples of 2005 ihigh each of the
decimal digits 01,2,...,9 occurs equally many times.

2. For which integer values afwith |a] <2005 does the following system of equa-
tions have integral solutions:

XX = y+a,

y> = x+a?

3. For three given real numbeasb, ¢, considers, = a" +b" +c". Suppose that
s =2,% =6, andsz = 14. Prove that

|2 —s-15:1| =8 for all integersh > 1.

4. Two congruent equilateral triangles with parallel sides given in the plane,
one of them showing upwards and the other one downwards.rntéséction of
these triangles is a hexagon. Show that the main diagonalssofiexagon are
concurrent.

Part 2 — June 8-9
First Day

1. Determine all triplega, b, c) of positive integers such that their least common
multiple equalsa+b+-c.

2. Leta,b,c,d be positive numbers. Prove the inequality

atbterd 1.1 1 1

abcd —ad b3 3 ¥

3. In an acute triangl&BC, circlesk; andk, are constructed on the sid&€ and

BC respectively as diameters. The altitudds and AF intersectk; andk; re-

spectively at pointg,N andK, M, with K on segmenfAF andL on segmenBE.
Prove thaKLMN is a rectangle.

Second Day

4. A function f from the set{0,1,...,2005} into the nonnegative integers has the
property that for all (applicable) integexs
f(2x+1)=f(2x), f(3x+1)="f(3x), f(5x+1)= f(5x).

At most, how many distinct values can this function take?
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5. Find all real solutionéa, b,c,d, e, f) of the system

4a= (b+c+d+e)?
4b= (c+d+e+ )4

6. LetQ be an interior point of a cube. Show that there exist infigitalny lines
g throughQ such that the portion af inside the cube is bisected by po@®@t
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