14-th Austrian Mathematical Olympiad 1983

Final Round
First Day
1. For every natural numbeg let Q(x) be the sum andP(x) the product of the

(decimal) digits ox. Show that for each € N there exist infinitely many values
of x such that

Q(Q(X)) +P(Q(x)) + Q(P(x)) + P(P(x)) = n.

2. Letxy,%o,x3 be the roots ok® — 6x° +ax+a= 0. Find all real numbera for
which (x; — 1)3+ (x2 — 1)3+4 (x3— 1)® = 0. Also, for each such, determine the
corresponding values af, x,, andxz.

3. LetP be a point in the plane of a trianghBC. LinesAP,BP,CP respectively
meet linesBC,CA, AB at pointsA’,B/,C’. PointsA”,B”,C" are symmetric to
A, B,C with respect to&', B',C’, respectively. Show that

SA//B”C” = 3SABC + 4SA/B/C/ .
Second Day

4. The sequencen)nen is defined by = 2,x, = 3, and

Xomil = Xom+Xom-1 form> 1,
Xom = Xom-1-+2Xom-2 form> 2.

Determinex, as a function ofi.

5. Given positive integera, b, find all positive integers, y satisfying the equation
xa+b—|—y: Xayb

6. Planesn and7s in Euclidean spac®? partitionS= R3\ (U ) into several
components. Show that for any cubeRA, at least one of the components®f
meets at least three faces of the cube.
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