30-th Austrian Mathematical Olympiad 1999

Final Round
June 9-10, 1999

First Day

1. Prove that for each positive integgrthe sum of the numbers of digits of 4nd
of 25" (in the decimal system) is odd.

2. Let ¢ be a plane andty, ko, k3 be spheres on the same sidecof The spheres
ki, ko, ks touch the plane at poinfg, T, T3, respectively, andt, touchesk; at
S andkz at S3. Prove that the line§; T; and $3T3 intersect on the sphete.
Describe the locus of the intersection point.

3. Find all pairgx,y) of real numbers such that

y>—[x2=1999 and x?+[y]>=1999

Second Day

4. Ninety-nine points are given on one of the diagonals ofiesguare. Prove that
there is at most one vertex of the square such that the avegageed distance
from a given point to the vertex is less than or equal t@.1

5. Given a real numbek and an integen with 2 < n < 19, find all polynomials
P(x) with real coefficients such th&(P(P(x))) = Ax" 4+ 19x + 99.

6. Two playersA andB play the following game. An even number of cells are
placed on a circle.A begins andA andB play alternately, where each move
consists of choosing a free cell and writing eiti@eor M in it. The player after
whose move the wor@MO ( OMO= Osterreichische Mathematik Olympiade)
occurs for the first time in three successive cells wins thmegdf no such word
occurs, then the game is a draw. Prove that if pl@yelays correctly, then player
A cannot win.
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