1-st Bosnia and Hercegovina Mathematical Olympiad 1996
Sarajevo, May 18-19

First Day

1. (a) Ifa b,care positive numbers, prove that for all integers- 0
(@a+b)™+ (b+c)"+ (c+a)" < 2@ +bm+c™).
(b) Does the inequality in (a) still hold if (19, b,c are arbitrary real numbers,
or (2)mis any integer?

2. (a) Letm> 2 andnbe positive integers. Prove thatividesp(m" — 1), where
@ is the Euler function.
(b) Prove that among the number21..,n the number of those having the
greatest common divisor withequal tod (d | n) is exactlyg().

3. A pointM inside a convex quadrilaterABCD is such thatABMD is a parallel-
ogram. Prove that i¥ CBM = ZCDM then/ACD = /BCM.

Second Day

4. Find all functions (af : N — R (b) f : R — R satisfying for allx,y
f(x+y)+ f(x—y) = 2f(x) cosy.

5. Ten persons were buying books. It is known that:

(a) Every person bought four different books;
(b) Every two persons bought at least one book in common.

Consider the book bought by the largest number of these peBbjid the small-
est possible value of that number.

6. Letaandb be two fixed coprime integers and< N be a random positive integer
(all choices are equiprobable). Find the limit (s~ ) of the probability that
the number of solution&, y) to the equatiox+ by = nin nonnegative integers
equals[ & ] +1.
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