4-th Bosnia and Hercegovina Mathematical Olympiad 1999
Sarajevo, May 22-23, 1999

First Day

1. Leta, b,cbe side lengths of a triangle. Prove that at least one of thatems
X2 —2bx+2ac=0, x*>—2cx+2ab, x°—2ax+ 2bc

has no real solutions.

2. If a,b,c are the sides and the circumradius of a triangl&BC, prove that

a2 b2 c?
+ + > 3RV3.
b+c—a c+a-b a+b-c

3. Letf :[0,1] — R be an injective function witti (0) 4+ f(1) = 1. Show that there
existxy, Xz € [0,1] such that 2 (x1) < f(x2) + > Can you generalize this result?

Second Day

4. In a triangleABC, the angle bisectors of the anglesfaindB meet the opposite
sides aD andE, respectively. LeF andG be the projections d onto the lines
AD andBE. Prove that G is parallel toAB.

5. For a nonempty s& let g(S) andm(S) denote the sum and product of elements
of S, respectively. Prove that

1
oS 1 1
where the sums extend over all nonempty subSefs{1,2,...,n}.
6. Consider the polynomi&(x) = x* + 3x3+ 3x+ p, wherep is a real number.

(a) Findpsuch thaP(x) has an imaginary roog with |x;| =1 and Re(x;) =

1

> (vi7-3).
(b) For this value op, find all other roots oP(x).
(c) Show that there is o< N for whichx] = 1.
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