47-th Belarusian Mathematical Olympiad 1997

Final Round

Category D
First Day

1. Atwo-digit number which is not a multiple of 10 is given. #Asning it is divisi-
ble by the sum of its digits, prove that it is also divisiblehyDoes the statement
hold for three-digit numbers as well?

2. PointsD andE are taken on sid€B of triangle ABC, with D betweerC andE,
such that/BAE = ZCAD. If AC < AB, prove thatAC- AE < AB- AD.

3. Is it possible to mark 10 red, 10 blue and 10 green points plarge such that:
For each red poimd, the point (among the marked ones) closegits blue; for
each blue poinB, the point closest t8 is green; and for each green paBjtthe
point closest t& is red?

4. The sum of 5 positive numbers equals 2. §ebe the sum of th&-th powers of
these numbers. Determine which of the numbe& .53, S, can be the greatest
among them.

Second Day

5. Find all composite numbers with the following property: For every proper
divisord of n(i.e. 1< d < n), it holds thalh—20<d <n-—12.

6. If distinct real numbers,y satisfy {x} = {y} and{x%} = {y®}, prove thai is a
root of a quadratic equation with integer coefficients.

7. If ABCD is as convex quadrilateral withHADC = 30° andBD = AB+ BC + CA,
prove thatBD bisects/ABC.

8. Straight linesk, |, m intersecting each other in three different points are drawn
on a classboard. Bob remembers that in some coordinatersitsédinesk, |, m

have the equationg= ax, y = bx andy = c+ %x (whereab(a+ b) # 0).

Misfortunately, both axes are erased. Also, Bob remembaitgliere is missing
alinen (y = —ax+ c), but he has forgottea,b,c. How can he reconstruct the
line n?
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Category C
First Day

1. A positive integeN is a sum of two nonzero squanes andn?. Prove that none
of divisors ofN can be written in the forrmk — nk for k > 2.

2. If two-digit numbersa andb have the same digits in reverse order, find the least
possible value ofg — 2|.

3. PointdD, M, N are chosen on the sid&€, AB, BC of a triangleABC respectively,
so that the intersection poift of AN andCM lies onBD. Prove thaBD is a
median of the triangle if and only AP : PN = CP : PM.

4. An equilateral trianglé\BC of siden is divided inton? equilateral triangles of
side 1. All vertices of small triangles is labeled with numdeA, B,C, and a
point D on the distance/3 from C are labelled by 1, and all other points by
0. In each move it is allowed to increase or decrease by 1 alidtr vertices
of a rhombus of side 1. Find all numbers> 3 for which we can make all the
numbers vanish.

Second Day

5. Prove that there exist infinitely many triplés b, c) of integers satisfying

a®—3ab—b®=b3+3bc+c=1.

6. A finite number of lines are drawn in a plane. Determine Waethe following
statement is true: There always exists a Bn@nong the drawn lines such that
all intersection points of the lines are in the same halfpldetermined by, or
ona.

7. We are given a mechanism that can perform the followingatfmns:

e Joining any two points of a plane by a straight line;
e Constructing the reflectioX of a given pointP in a given linel.

Given a triangleéABC, using the given mechanism, construct (a) its centroid; (b)
its circumcenter.

8. An archipelago consists ofislands. Some of the islands are pairwise connected
by bridges (maybe zero or more than one). It is known that faogisland one
can arrive to any other island, and that the first island ha#dfé, the second 4,
..., then-th n? bridges. Find alh for which such an archipelago can exist.
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Category B
First Day

1. A pentagomi1AxAszA4As is inscribed in a circleB being the intrersection point
of A1Aq andA2A5. Given thatéA4A1A3 = LAsAA4 andLA2A4A1 = LAzA5A0,
prove that/A;AsB = /BAzAs.

2. LetM be the sef0,1,2,4,5,6,...,n} and lets: M — M be a bijection. Find,
for variousn, all possible values of the greatest common divisor of thalmers
i+s(i),ieM.

3. In a solving riddles contest, 5 riddles were proposedelAtie contest, every
jury member assigned to each riddle some positive integaiben of points, and
determined a winner. Curiously, every contestant was oetexd as a winner by
at least one jury member. Find the greatest possible nunfh@artcipants (a
riddle is either solved (full points) or unsolved (0)).

4. On each cell of a & 8 chessboard bthere is a white or black pawn. It is known
that any black pawn has an odd number of white neighbourdevalny white
pawn has an even number of black neighbours (two pawns agklmaiing when-
ever their cells share a vertex).

(a) Find the greatest possible number of black pawns.
(b) Prove that the centrald44 square contains an even number of black pawns.

Second Day

5. In a trapezoidBCD with AB || CD it holds that/ADB+ /DBC = 180°. Prove
thatAB-BC = AD - DC.

6. There aren red andn blue points on a straight linle Prove that there is a point
M on| such that the sum of distances frdvhto the blue points is equal to the
sum of distances froril to the red points. Is this statement true if thielue and
nred points are arbitrarily given in a plane?

7. The polynomials, x3,x,... are written on a classboard. New polynomials are
written according to the following rule: if (x) andg(x) have been already writ-
ten, one can write any of the polynomidl&) + g(x), f(g(x)) andaf (x) + b for
anya,b € R. Is it possible to obtain a polynomial of the fondft1 — 19x+ 97,
wherek is a positive integer?

8. The sum ofireal numbers is positive. Find the smallest possible nurottbeir
pairwise sums that must be positive.
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Category A
First Day

1. Different pointsA1, Az, Az, A4, As lie on a circle so tha®\ Ay = AcAz = AsAy =
AsAs. LetAg be the diametrically opposite point£g, andA; be the intersection
of AjAs andAzAg. Prove that the lined; Ag andA4A; are perpendicular.

2. A sequencéan)n__., Of zeros and ones is given. It is known ttet= 0 if
and only ifay_g+an_5+---+an_1 is a multiple of 3, and not all terms of the
sequence are zero. Determine the maximum possible numlzera$ among
do,a,...,a97.

3. If a,x,y,z are positive numbers, prove the inequality

atz a+x a+y<x+y+zgxa+y+ya+z a+x

X +y z < z .
atx “a+y a+z atz “a+x a+y

4. A setM consists oh elements. Find the greatdsfior which there is a collection
of k subsets oM with the following property: For any subsefs, ..., A;j from
the collection there is an element belonging to an odd nummibiiem.

Second Day

5. We call the sum of anl¢ of n given numbers (with distinct indices)kasum.
Givenn, find all k such that, whenever more than halfleums of numbers
ai,...,an are positive, the sura + - - - + a, is also positive.

6. Suppose that a functioh: R™ — R™ satisfies
f(f(x))+x= f(2x).
Prove thatf (x) > x for all x.

7. Does there exist an infinite skt of straight lines on the coordinate plane such
that
() no two lines are parallel, and
(iiy for any integer point there is a line froi containing it?

Does the answer change if we add one more condition:
(i) any line fromM passes through at least 2 integer points?

8. AtriangleA1B1C; is a parallel projection of a triangBC in space. The parallel
projectionsA;H; andC,L; of the altitudeAH and the bisecto€L of AABC
respectively are drawn. Using a ruler and compass, coristparallel projection
of (a) the orthocenter; (b) the incenterARABC.
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