49-th Belarusian Mathematical Olympiad 1999

Final Round

Category D
First Day

1. Twenty counters are arranged in a circle. Two playersraitely remove coun-
ters, arbitrary three in a move, until only two remain. If thh® remaining coun-
ters were not adjacent in the initial arangement, then teedlayer (who played
first) wins; otherwise, the second player wins. Determine whthe players has
a winning strategy.

2. Letk be the ratio of the roots of the equatipr® — gqx+q= 0, wherep,q > 0.
Find the roots of the equatiqyrﬁx2 —/GX+/p=0in terms ofk only.

3. Find the least integer> 9 with the following property: It is possible to choose
nine of the numbers,2,... n and arrange them in the cells of ax3® board,
so that in any two neighboring cells one of the numbers issitilé by the other
one.

4. Let ABCDE be a pentagon wittAE = ED, AB + CD = BC, and Z/BAE +
/CDE = 180°. Prove thatz AED = 2/BEC.

Second Day

5. Find the number of positive divisors of ¥ that are not divisors of £38.

6. Let ABC be a right isosceles triangl&C = BC andM be the midpoint ofAB.
PointskK andN are taken on the sid&C andAC respectively so tha@K : KC =
AN :NC = 2:1. LinesAK andMN meet atlL.. Prove thal.C bisects the angle
KLN.

7. During a conference, participants gave each other sangvehturned out that
everyone got exactly one souvenir from every other paditip Moreover, at
some moment during the conference at least half of the faatits got exactly
half of the souvenirs, at least one third of the participgiusexactly one third
of the souvenirs, and at least one seventh of the partigpgott exactly one
seventh of the souvenirs. What is the least possible nunflparticipants at the
conference?

8. Letn andm be positive integers. A positive integer is said todbiinabl e if it
is 1 or can be obtained from 1 by a sequence of operations hatliallowing
properties:

(i) The first operation is either addition or multiplication
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(i) Thereafter, additions and multiplications are usadralately.
(iii) In each addition one can choose independently whethaddn or m.

(iv) In each multiplication, one can choose independenthgtiier to multiply
by nor bym.

A positive integer that cannot be so obtained is said taraétainable. Prove that
if n=3 andm > n, then there are infinitely many unattainable positive intsg

Category C
First Day

1. On an island there is a one-way connection between anystanders. Every
day, each islander contrives a new gossip and tells it to wéramn the island he
can, along with all the other gossips that he received in teeipus day. Prove
that if there is an islander who didn’t receive on Wednesdggyssip transmitted
by him on Monday, then there is a gossip that will never bestgtted to at least
one of the islanders.

2. A finite setM consisting of at least two positive real numbers has thegatgp
that for anya € M there exist numbers,c € M (a,b,c are not necessarily dis-
tinct) such thae = 1+ b/c. Prove that there are two different numbrng € M
such thak+y > 4.

3. The rows and columns of anx n board are enumerated by 1riolIn each cell
of the board is written either1 or 1.

(a) Find alln for which it is possible to fill the board so that in any row and
column that are enumerated by the same number the prodwntsrias are
different.

(b) For all suchm, find the smallest number ef1-s for which this is possible.

4. In an acute-angled trianghBC, the circle with diameteAB intersectsCA at L
andCB atN. The segmenitN intersects the media@M at K. ComputeCM,
given thatAB = 9 andCK = 3CM.

Second Day

5. Suppose that nonzero numbays, ¢ satisfy the equalitiea® — b? = bc andb? —
¢? = ca. Prove thae? — ¢ = ab.

6. At least 32 students took part at a mathematical olymgiad.known that any
number of students exceeding half of the participants haleaat 50 points in
total. All participants have 150 points in total, and there @o negative or non-
integer numbers of points. What is the largest possible murob points the
winner can have?
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7. Let AB andCD be perpendicular bisectors of a circle, adde a point on the
circle other thaA, B,C,D. Let the linesAK andCD meet atM, and the line®K
andBC meet atN. Prove thatMN is parallel toAB.

8. Letn andm be positive integers. A positive integer is said todbiinabl e if it
is 1 or can be obtained from 1 by a sequence of operations hatfiailowing
properties:

(i) The first operation is either addition or multiplication
(i) Thereafter, additions and multiplications are usedralately.
(i) In each addition one can choose independently whethaddn or m.

(iv) In each multiplication, one can choose independenthgtier to multiply
by nor bym.

A positive integer that cannot be so obtained is said torztainable. Prove
that if m> n > 4, then there are infinitely many unattainable positivegats.

Category B
First Day

1. Find all real numbera for which the functionf (x) = {ax+ sinx} is periodic.

2. Prove that i« is the number of divisors of an integir> 1 (including 1 and\)
andStheir sum, therky/N < S< v/2kN.

3. A 7x 7 board and tiles of the following three typesitips| | [ |, corners

|andsquaresD are given. Jerry has infinitely many strips and only one

corner, while Tom has only one square.

(a) Prove that Tom can put his tile on the board so that Jenyaizile the rest
of the board with his tiles.

(b) Suppose that Jerry acquired another corner, so thathmaay strips and
two corners. Prove that no matter on which cell Tom puts lésderry can
tile the rest of the board.

4. Acircleisinscribed in an isosceles trapezABCD. The diagonalC intersects

. . . [AL-KC
the circle a andL, in the orderA, K, L,C. Find the value of AKLC:

Second Day

5. Let P and Q be points on the sidéB of a triangle ABC such that/ACP =
/PCQ = ZQCB. The bisectorAD of ZBAC meetsCP andCQ at M andN
respectively. Prove that PN = CD and /A = 2/C, thenSqp = Sons-

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



6. Prove that the equatiopc®} + {y*} = {Z°} has infinitely many rational non-
integer roots.

7. Find alln € N andme R with the following property: One can write the numbers
1,2,...,n? in the cells of am x n board and enumerate its rows and columns by
1,...,nin such a way that

(Mm-Da< (i+j)>—(i+]j)<ma

holds for anyi, j € {1,...,n}, wherea is the number in the intersection of the
i-th row and thej-th column.

8. Letn be a positive integer. A positive integer is said todb@inableif it is 1 or
can be obtained from 1 by a sequence of operations with ttenfiolg properties:
(i) The first operation is either addition or multiplication
(i) Thereafter, additions and multiplications are usedralately.
(i) In each addition one can choose independently whdthadd 2 om.
(iv) In each multiplication, one can choose independenthgtier to multiply
by 2 or byn.

A positive integer that cannot be so obtained is said toriztainable. Prove
that if n > 9, then there are infinitely many unattainable positivegats.

Category A
First Day
21999 kT[
1. Evaluate the producrL (4sir? — 3) .
22000
k=

2. Letm,n be positive integers. Starting with all positive integergten in a line,
we can form a list of numbers in two ways:

(1) Erasing everynth number and then, in the obtained list, erasing enety
number;

(2) Erasing every-th number and then, in the obtained list, erasing evwetk
number.

A pair (m,n) is calledgood if, whenever some positive integkioccurs in both
these lists, then it occurs in both lists on the same position

(a) Show that the pai2,n) is good for anyn € N.

(b) Is there a good paim,n) with 2 < m< n?
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3. A sequence of numbess,ay, ...,a1999iS given. In each move it is allowed to
choose two of the numbers, say, an, and replace them by the numbers

a nlag an mia
ah, m<an am)’ ag n(am ™)

respectively. Starting with the sequergge= 1 for 20fi anda; = 1 for 20| i, is
it possible to obtain a sequence whose all terms are integers

4. A circle is inscribed in a trapezo®BCD and intersects the diagon&C atK, L
and the diagonaD atM, N, in the orderdA\ K,L,C andB,M,N,D. Given that
AK-LC =16 andBM - ND = 2.25, compute the radius of the circle.

Second Day

5. Find the greatest real numbesuch that, whenever positive real numbais, c
satisfykabc > a® + b3+ c3, there exists a triangle with sidagb, c.

6. Find all integers andy such thai® + x%y = y® + 2y2.

7. LetO be the center of a circl8. Two equal chord&B andCD of Sintersect at
L, whereAL > LB andDL > LC. LetM andN be points on the segmen&
andDL such thatZALC = 2/MON. Prove that the chord & passing through
M andN is equal taAB andCD.

8. A positive integer is said to kegtainableif it is 1 or can be obtained from 1 by
a sequence of operations with the following properties:
(i) The first operation is either addition or multiplication
(i) Thereafter, additions and multiplications are usadralately.
(i) In each addition one can choose independently whethadd 2 or 3.
(iv) In each multiplication, one can choose independenthgtier to multiply
by 2 or by 3.

Prove that all positive integers except 7 are attainable.
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