27-th Brazilian Mathematical Olympiad 2005

Third Round
First Day — October 22

1. A natural number ipalindromicif writing its (decimal) digits in the reverse
order yields the same number. For instance, numbers 4811B34and 2 are
palindromic. Find all pairs of positive integefi®, n) suchthat 11..1-11...1is
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palindromic.

2. Determine the smallest real numkesuch that the inequality
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holds for all positive real numbers, X2, X3, X4, Xs.

3. We say that a square is contained in a cube if all its poiatsside or on the
boudary of a given cube. Find the largkest O for which there exists a square of
sidel that is contained in a cube of side 1.

Second Day — October 23

4. We have four charged batteries, four discharged badtesied a radio that re-
quires two charged batteries to work. Assume that we dorétkwhich bat-
teries are charged. Find the smallest number of trials thaliways sufficient to
make the radio work. A trial consists of picking two batteriplacing them into
the radio and checking if it works.

5. Let ABC be an acute-angled triangle akRdbe its Fermat point (i.e. the point
inside the triangle such thatAFB = /BFC = Z/CFA = 120"). For each of the
trianglesABF, BCF,CAF the Euler line (the line through the circumcenter and
the centroid) is drawn. Prove that these three lines areurost.

6. Given positive integera,c and an integeb, prove that there exists a positive
integerx such that
a‘+x=b (modc).
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