
Brazilian IMO & IbMO Team Selection Tests 2001

First Test – March 24, 2001

Time: 4.5 hours

1. Find all functionsf : R → R satisfying

f (x+y)+ f (y+z)+ f (z+x)≥ f (x+2y+3z)

for all realx,y,z.

2. Let f (n) be the least positive integerk such thatn divides 1+2+ · · ·+k. Prove
that f (n) = 2n−1 if and only ifn is a power of 2.

3. For which positive integersn is there a permutation(x1,x2, . . . ,xn) of 1,2, . . . ,n
such that all the differences|xk−k|, k = 1,2, . . . ,n, are distinct?

4. Let ABC be a triangle with the circumcenter atO. Let P,Q be points on the
segmentsABandAC respectively so that

BP : PQ : QC= AC : CB : BA.

Prove that the pointsA,P,Q andO are concyclic.

Second Test – May 19, 2001

1. PolynomialsP(x) andQ(x) with real coefficients, both of which having at least
one real root, satisfy the equality

P(1+x+Q(x)2) = Q(1+x+P(x)2)

for all realx. Prove that the polynomialsP andQ are equal.

2. A setS consists ofk sequences of 0,1,2 of lengthn. For any two sequences

(ai),(bi) ∈ Swe can construct a new sequence(ci) such thatci =

[

ai +bi +1
2

]

and include it inS. Assume that after performing finitely many such operations
we obtain all the 3n sequences of 0,1,2 of lengthn. Find the least possible value
of k.

3. Let ABC be a triangle andD,E be the points of intersection of the internal and
external bisectors of the angle atA with BC. Let F 6= A be the intersection point
of line AC with the circle with diameterDE. Let G 6= A be the point at which
the tangent atA on the circumcircle ofABF meets the circle with diameterDE.
Prove thatAF = AG.

4. Prove that for all integersn≥ 3 there exists a setAn = {a1,a2, . . . ,an} of n dis-
tinct natural numbers such that, for eachi = 1,2, . . . ,n,

∏
1≤k≤n
k6=i

ak ≡ 1 modai.
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