Brazilian IMO & IbMO Team Selection Tests 1999

First Test — April 10, 1999
Time: 4.5 hours

1. Find all positive integera with the following property: There exist a positive
integerk and mutually distinct integers;, %z, ..., X, such that the sefx +x; |
1<i< j<n}isasetof distinct powers &t

2. Leta,b,c,d be real numbers such that

a=1/4-+v5—-a b=14/44+v5-b,
c= — .

Calculateabcd

3. LetBD andCE be the bisectors of the interior anglé® and ZC, respectively
(D € AC, E € AB). Consider the circumcircle oABC with centerO and the
excircle corresponding to the si@€ with centerl;. These two circles intersect
at pointsP andQ.

(a) Prove thaPQis parallel toDE.
(b) Prove that,O is perpendicular t®E.

4. LetQ™ andZ denote the set of positive rationals and the set of integespgc-
tively. Find all functionsf : QT — Z satisfying the following conditions:

(i) (1999 =1;
(i) f(ab)=f(a)+ f(b)foralla,beQ";
(i) f(a+b)>min{f(a),f(b)}foralla,be Q™.

o

(a) 1fm,n are positive integers such thdt-2 1 dividesm? + 9, prove than is
a power of 2;

(b) If nis a power of 2, prove that there exists a positive intageuch that
2" — 1 dividesn? + 9.

Second Test — May 15, 1999

1. For a positive integer, let w(n) denote the number of distinct prime divisors of
n. Determine the least positive intedesuch that

Zw(n) < k{‘/ﬁ

for all positive integers.
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2. In a triangleABC, the bisector of the angle &t of a triangleABC intersects
the segmenBC and the circumcircle oABC at pointsA; andA,, respectively.
PointsBs1, B,,Cy,C, are analogously defined. Prove that

Al A B1B>» GG
BA+CA, CB,+AB, AG+BG

3
> =
!
3. A sequence, is defined by

a=0 a=3;
ah=8a, 1+9n 2+16 forn> 2.

Find the least positive integérsuch thata, , — a, is divisible by 1999 for all
n>0.

4. Assume that it is possible to color more than half of thdamas of a given
polyhedron so that no two colored surfaces have a common edge

(a) Describe one polyhedron with the above property.

(b) Prove that one cannot inscribe a sphere touching allttfaces of a poly-
hedron with the above property.
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