Bulgarian Mathematical Olympiad 1970, Ill Round

First Day

1. Prove the the inequality

1—a+1—b+1—c> 3
l1+a 14+b 14c—2
wherea>0,b>0,c>0anda+b+c=1. (5 Points)

2. There are given the numbexs- 123456789 antd = 987654321. Find:

(a) biggest common divisor afandb;
(b) remainder after division of the smallest common mudtipfa andb to 11.

(8 Points)

3. Points of plane are divided to three grouygste, greeen, red. Prove that there
exists at least one pair of points with the same color (froemgame group),
which have a distance to each other equal to 1. (7 Points)

Second day

4. Inthe triangléABC is given a pointM and throughM are drawn lines, parallel to
the sides of the triangle. These lines cut from the triangled smaller triangles
in such a way that one of the vertices of each triangle is a&xet the biggest
triangle ABC. Let P, B, P; are perimeters of the given triangle a8d S,, &
are the areas of these trianglésandS are the perimeter and the area of thye
triangleABC. Prove that:

Pat P+ P,

—

(b) V5= YRTVSHVE
5 :

(a) P=

(5 Points)
5. Calculate without using logaritmic table or other adutitil tools
Si(a) = cgszn N cgs&x e cos_2- 3N 1g
sin3a  sin%a sin3a
for a = 18, wheren is a natural number in the form-d.4k. (7 Points)

6. Itis given quadrilateral pristABCDA;B;C;1D1, for which the smallest distance
betweenAA; andBD1 is 8m and the distance from the vertéxto the plane of
the triangleACB; is %m. Through middlepoints of the edgé&8 andBC is
constructed intersection which divides the axis of therprig ratio 1 : 3 from
bottom baseABCD):
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(a) what is the shape of the intersection;
(b) calculate the area of the intersection.

(8 Points)
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