33-rd Bulgarian Mathematical Olympiad 1984
Third Round

First Day

1. For each natural numbaer let a, be the number of perfect squares among the
numbers 29,16, ...,7n+ 2, and leth, be the number of perfect squares among
1,47,...,3n+1.

(a) Findaiggs
(b) Find the smallest such thaby = aj9g4
2. In an isosceles trapezokBCD with basesAB andCD, M andN are the feet of

the perpendiculars fro to AB andAC respectively, and is the midpoint of
CD. Prove that if the point®,N, P are collinear, thew ACB = 90°.

3. Leta,b,p,q,a, andc < 1 be positive numbers.

Xa+l (l_x)a+1

(a) Find the minimum of (x) = 7 + S forxe (0,1).
) ) aa+1 ba+1 (a_|_ b)a+1

b) Prove the inequality + > .

(b) W T = lprge

Second Day

4. Solve the equation

10Gsy 4(4X% 44X+ 1) +10gpy 1 (6X + 11X+ 4) = 4.

5. Find all natural numbeis b,c andm such that there is a right triangle with sides
a,b,c and with the perimeter equal totimes the area.

6. Suppose that the feet of the altitudes fr@randD of a tetrahedro®BCD are
the incenters of the opposite faces, and &it= BD. Prove that the tetrahedron
ABCD is regular.
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