
38-th Bulgarian Mathematical Olympiad 1989
Third Round

First Day

1. Suppose thatp andq are prime numbers such that

√

p2 +7pq + q2+
√

p2 +14pq + q2

is an integer. Prove thatp = q.

2. Prove that for every integern ≥ 1 the equationxcosx = 1 has a unique solution
in the interval[2nπ ,(2n +1)π ]. Find lim

n→∞
(xn+1− xn).

3. A line parallel to the sideAB of a triangleABC meets the sidesAC andBC at
M andP, respectively. The linesAP andBM intersect atD. Prove that the line
passing through the orthocenters of the trianglesADM andBDP is perpendicular
to CD.

Second Day

4. A convexn-gon (n > 3) has the property that there existn−2 diagonals of the
n-gon, each of which bisects its area. Find all suchn-gons.

5. A plane parallel to the baseABC of a tetrahedronSABC cuts the edgesSA,SB,SC
at A1,B1,C1, respectively. LetA2,B2,C2 respectively be the midpoints of
B1C1,C1A1,A1B1. Prove that ifAA2 ⊥ B1C1 andBB2 ⊥C1A1, then

(a) CC2 ⊥ A1B1;

(b) The line through the orthocenter of△ABC and the circumcenter of
△A1B1C1 is perpendicular to the planeABC.

6. Let 0≤ a1 ≤ a2 ≤ ·· · ≤ a5 be real numbers. Denote

S = a1 + a2+ a3+ a4+ a5, P = ∏
1≤i≤ j≤5

(S−2(ai + a j)).

Prove that ifa1 +3a2+ a4 ≥ 3a3 + a5, thenP ≤ (a1a2a3a4a5)
2.
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