45-th Bulgarian Mathematical Olympiad 1996
Third Round

First Day

1. Prove that for all positive integers> 3 there exist odd positive integexs, yn
such that ¥2 4 y2 = 2".

2. The circlesk; andk, with centersD; andO, respectively are externally tangent
at pointC, and the circlék with centerO is externally tangent tk; andk,. Let!|
be the common tangent &f andk, atC, and letAB be the diameter df which
is perpendicular td, whereA andO; lie on the same side df Prove that the
linesAO,,BO; andl have a common point.

3. (a) Find the maximum value gf= |4x3 — 3x| for -1 < x< 1.
(b) Leta,b,c be real numbers anhll be the maximum value of = |4x° +

ax? +bx+c¢| for —1 < x < 1. Show thaM > 1. For whicha, b, c does the
equality hold?

Second Day

4. Suppose that the real numbajsay, ...,an form an arithmetic progression, and
that some permutatioa,, ..., a;, of these numbers forms a geometric progres-
sion. Find the numberay,...,a, if they are different and the biggest among
them is equal to 1996.

5. A convex quadrilateraABCD with ZABC + ZBCD < 18(C is given. The lines
AB andCD meet att. Prove that ABC = ZADC if and only if

AC?=CD-CE — AB-AE.

6. Anmx nrectangleifn,n > 1) is divided intomn unit squares. In how many ways
ways can two of the squares be cut off so that the remaningptré rectangle
can be covered with dominoes<1.

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



