Bulgarian Mathematical Olympiad 1964, IV Round

1. A én-digit number is divisible by 7. Prove that if its last digé moved at the
beginning of the number (first position) then the new numeeaitso divisible by
7. (5 points)

2. Find all possible-tuples of realsxy, X, . .., X, satisfying the system:

Xy X Xp=1
X1 —Xo X3+ Xpn=1
X1 Xo—X3:-Xg - Xn=1

X1-X2 - Xn—1—Xn=1
(4 points)

3. There are given two intersecting lings g and a pointP in their plane such
thatZ(g1,92) # 90°. Its symmetrical points on any random poltin the same
plane with respect to the given planes BtgandM,. Prove that:

(a) thelocus of the poiri¥ for which the pointM1, M, andP lies on a common
line is a circlek passing intersecting point gf andg,.

(b) the pointP an orthocenter of the triangle, inscribed in the cikclsdes of
which lies at the lineg; andgs.

(6 points)

4. Letay, by, c; are three lines each two of them are mutually crossed anct aren
parallel to some plane. The lineg, by, ¢, intersects the lineas, by, c; at the
pointsay in A, Cy, By; by in Cq, B, Ay; ¢, in By, A1, C respectively in such a way
thatAis the middle line oB,C,, B is the middle ofC;A, andC is the middle of
A;1B,. Prove that:

(a) Ais the middle of théB,Cy, B is the middle ofC,A; andC is the middle of
AoBy;
(b) trianglesA;B,C; andA;B,C; are the same AjB1C1A2B,C; - is a prism).

(5 points)
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