Bulgarian Mathematical Olympiad 1966, IV Round

1. Prove that the equality:
3X(x—3y) =y + 2

doesn’t have other integer solutions except0,y =0,z=0.
(5 points)

2. Prove that for every four positive number®, c, d is true the following inequal-
ity:

\/a2+b2+02+d2 . \3/abc+abd+acd+bcd
4 ~ 4

(7 points)

3. (a) Inthe plane of the trianghBC find a point with the following property: its
symmetrical points with respect to middle points of the sid&the triangle
lies on the circumscribed circle.

(b) Construct the triangl&BC if it is known the positions of the orthocenter
H, middle point of the sidé&B and the middle point of the segment joining
the foots of the heights through vertickendB.

(9 points)
4. Itis given a tetrahedron with verticAsB,

(a) Prove that there exists vertex of tetrahedron with thievang property:
the three edges of that tetrahedron can be constructedhglgia

(b) Over the edgeBA, DB andDC are given the points!, N andP for which:

om_PA pn_ DB pp_ DC
n n+1 n+2

wheren is a natural number. The plane defined by the pointdN and

P is an. Prove that all planean, (n=1,2,3,...) passes through a single

straight line.

(9 points)
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