Bulgarian Mathematical Olympiad 1968, IV Round

First Day

1. Find all possible natural valueslofor which the system

1 1 1
— 4 —4- 4+ —=—=1
X1 X Xk
have solutions in positive numbers. Find these solutions.
(6 points, I. Dimovski)

{X1+X2—|—"'+Xk—9

2. Find all functionsf (x), defined for every, y satisfying the equality
xt(y) +yt(x) = (x+y) F)f(y)

for everyx, y. Prove that exactly two of them are continuous.
(6 points, I. Dimovski)

3. Prove that a binomial coefficielf) is odd if and only if all digits 1 ok, when
k is written in binary digit system are on the same positionsmvhis written in
binary system. (8 points, I. Dimovski)

Second day

4. Over the lineg are given the segmeAB and a poinC external forAB. Prove
that overg there exists at least one pair of poiftsQ symmetricalwith respect
to C, which divide the segmem®B internally and externally in the same ratios,
ie.

PA QA
= (1)
PB QB
Opposite ifA, B, P, Q are such points from the lirgefor which is satisfyied (1),
prove that the middle poi@ of the segmer®Q is external point for the segment
AB. (6 points, K. Petrov)

5. The pointM is internal for the tetrahedrofBCD and the intersection points of
the linesAM, BM, CM andDM with the opposite walls are denoted wish, By,

C1, D respectively. It is given also that the rati%, e ,&"—é and,@,"—g1 are

equal to the same numblerFind all possible values d (18 points, K. Petrov)
6. Find the kind of the triangle if

acosa +bcosp +ccosy  2p
asina +bsinB+csiny  9R

(a, B, y are the measures of the anglash, ¢, p, R are the lengths of the sides,
the p-semiperimeter, the radii of the circumcircle of the tria)g
(6 points, K. Petrov)
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