30-th Bulgarian Mathematical Olympiad 1981

Fourth Round
First Day

1. Five points are given in space, no four of which are coplaBach of the seg-
ments connecting two of them is painted in white, green or sedthat all the
colors are used and no three segments of the same color faiemglé. Prve
that among these five points there is one at which segmenlistio¢ #hree colors
meet.

2. LetABC be a triangle such that the altitu@&l and the side€A,CB are respec-
tively equal to a side and two distinct diagonals of a reghégotagon. Prove that
/ACB < 120°.

3. A quadrilateral pyramid is cut by a plane parallel to thedaSuppose that a
sphereS is circumscribed and a sphekeinscribed in the obtained solid, and
moreover that the line through the centers of these two sghemperpendicular
to the base of the pyramid. Show that the pyramid is regular.

Second Day

4. Letn be an odd positive integer. Prove that if the equatiom 1 = %1 has a

solution in positive integers y, thenn has at least one divisor of the forrk4 1,
keN.

5. Find all positive values dd, for which there is a numbdrsuch that the parabola
y = ax? — b intersects the unit circle at four distinct points. Also yedhat for
every sucha there existd such that the paraboja= ax? — b intersects the unit
circle at four distinct points whosecoordinates form an arithmetic progression.

6. Planesy,[3,y, o are tangent to the circumsphere of a tetrahed®@D at points
A,B,C,D, respectively. Linep is the intersection ofr and 3, and lineq is the
intersection ofy andd. Prove that if linegp andCD meet, then lineg and AB
lie on a plane.
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