36-th Bulgarian Mathematical Olympiad 1987
Fourth Round — Sofia, May 16-17

First Day

1. Letf(x) =x"+ax""1+ .- 4+ a, (n> 3) be a polynomial with real coefficients
andn real roots, such that, 1/a, > n+ 1. Prove that ifa,_, = 0, then at least
one root off (x) lies in the open interval-3, =37).

2. Let be given a polygoR which is mapped onto itself by two rotationsg; with
centerO; and anglew;, andp, with centerO, and anglew, (0 < w < 2mn).
Show that the ratieu; / wy is rational.

3. LetMABCD be a pyramid with the squa®BCD as the base, in whicMA =
MD, MA? + AB? = MB? and the area ofAADM is equal to 1. Determine the
radius of the largest ball that is contained in the given pyda

Second Day

4. The sequenc@n)nen is defined by = xp = 1, Xn 2 = 14%n1 — Xn — 4 for each
n € N. Prove that all terms of this sequence are perfect squares.

5. LetE be a point on the mediafD of a triangleABC, andF be the projection
of E ontoBC. From a pointM on EF the perpendicularsiN to AC andMP to
AB are drawn. Prove that if the point§ E,P lie on a line, therM lies on the
bisector of/BAC.

6. LetA be the set of all triangles inscribed in a given circle, witlgkes whose
measures are integer numbers of degrees different tha®@5and 135. For
each trianglél’ € A, f(T) denotes the triangle with vertices at the second inter-
section points of the altitudes @fwith the circle.

(a) Prove thatthere exists a natural numisuch that for every triangl€ € A,
among the triangled, f(T),..., f"(T) (where fO(T) = T and f¥(T) =
f(f1(T))) at least two are equal.

(b) Find the smallest with the property from (a).
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