Chinese IMO Team Selection Test 2000

Time: 4.5 hours each day.

First Day

1. LetABC be a triangle withAB = AC. Let D, E be points omB, AC respectively
such thaDE = AC. Line DE meets the circumcircle of trianghBC at pointT.
Let P be a point orAT. Prove that’D + PE = AT if and only if P lies on the
circumcircle of triangléADE.

2. Given positive integers m,n with 1 < k < m< n, evaluate

n 1 (Mm+n+i)!
i;n+k+i ifn—i)(m+i)!

3. For an integea > 2, let N, denote the number of positive integérsvith the
following property: the sum of squares of digits lofn basea representation
equalsk. Prove that:

(a) Ny is odd;
(b) ForeveryM € N, there exists an integar> 2 such thatN, > M.

Second Day

4. LetF be the set of all polynomials(x) with integer coefficients such that the
equation” (x) = 1 has integer roots. Given a positive integgefind the smallest
integerm(k) > 1 such that there exisfse F for whichI'(x) = m(k) has exactly
k distinct integer roots.

5. (a) Leta,b be real numbers. Define the sequenes and (yn) by xo = 1,
Yo = 0 andxy 1 = axx — by, Yki1 = Xk — ayk fork=0,1,2, ... Prove that

X = [k/Z](—l)'ak*Z' (8% +b)' A
|;> "

k/2]
whereAy| = Z (;ﬂ) (rln)

m=I

k/2]
(b) Letuy, = Z Aki. For a fixed positive integem, denote the remainder of
=0

Uk dividediby 2" aszy. Prove that the sequen€g,), k=0,1,2,... is
periodic, and find the smallest period.

6. Given a positive integer, let us denot® = {(x,y) € Z | 1L < x,y < n}. Consider
all functionsf : M — Z which satisfy:
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() f(x,y)>0forallx,y;
(i) yy_1f(xy)=n—1foreachx=1,...,m;
(iii) if f(x1,y1)f(X2,y2) > 0 then(xy —x2)(y1 —y2) > 0.

Find the numbeN(n) of functions with the above properties. Determine the
value ofN(4).
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