Chinese IMO Team Selection Test 2002

Time: 4.5 hours each day.
First Day
1. LetABCD be a convex quadrilateral with no two sides parallel. LiaABsandCD

meet at poinE, linesBC andAD meet at poinE, and diagonal8C andBD meet
atP. If Ois the foot of perpendicular froid to EF, prove thatzBOC = ZAOD.

2. Let the sequenca, be defined byag = 1/4 anda, = (1+a,_1)?/4, and let
Xk — k

A= k(k+1) 2
(Xk+Xk+1+"'+X2002+(T—1)

fork=1,2,...,2002. Find the smallegt € R for which
A1+ Az + -+ Ax002 < Adzo02

3. Seventeen football fans bought tickets for seventeenheaton the World Cup.
It turned out that:

(i) Each person bought at most one ticket for each match;
(i) For any two fans, there is at most one match for which theth bought a
ticket;
(i) Exactly one of the fans bought six tickets.

What is the maximum possible number of tickets bought byetliass? Justify
your answer.

Second Day

4. (a) Find all positive integens > 2 for which there exish integersx, ..., Xn
such that{|x —xj| |1 <i < j <n}={1,..., M0}
(b) LetA={1,2,...,6} andB={7,8,...,n}. Find the smallesh for which
there exist five-element sefg, Ay, ..., Axg with the following properties:
foreachi, j with 1 <i < j <20,|/ANA=3,|JANB|=2,|[ANA| <2

5. Let Sbe the set of all negative integers. Given an intdgdind all functions
f : S— Z such that

f(n)f(n+1)=(f(n)+n—-k? foralln< -2
6. Define

f(xy.2) = —20C+y>+2%) +3(X3(X2 + X3)+
+X%(X3 +x1)+ Xg(X]_ +X%2)) — 12x1%0X3.

Find the minimum value of

r,st)= max |[f(r,r+2,x SH
g(r.st) = _max [f(r,r+2.%)+s
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