Chinese IMO Team Selection Tests 1988

First Test — May 3

1. What necessary and sufficient conditions must real nusnhds,C satisfy in
order that

AX=Y)(x=2)+B(y—2)(y—x) +C(z—X)(z—y) = 0
for all real numbers,y, z?
2. Determine all function$ : Q — C such that

() f(xg+x2+ - +Xu988) = F(X1)F(x2)--- f(X1088) for all rational numbers
X1,X2, .-, X108 and

(i) (1988 f(x) = (1988 f(x) for all x € Q, wherez denotes the complex
conjugate ot

3. In atriangleABCwith ZC = 30°, D andE are points orAC andBC respectively
such thatAD = BE = AB. If O andl are the circumcenter and incenter/’oABC,
prove thatOl = DE andOl L DE.

4. Letk be a positive integer. Consider the Sgt= {(a,b) |a,b=1,2,... k}. Two
elementga, b) and(c,d) of S are said to be indistinguishablesif-c= —1,0 or
1 (modk) andb—d = —1,0 or 1 (modk). Letry be the greatest possible number
of pairwise distinguishable elements&f

(a) Findrs with proof.
(b) Findr7 with proof.
(c) Findry in general (no proof needed).

Second Test — May 4

1. Definex, = 3x,_1 + 2 for all positive integers. Prove that an integer value can
be chosen foxkg so thatxygg is divisible by 1988.

2. LetABCDbe a fixed trapezoid witAB || CD and letM, N be fixed points on side
ABwith M betweenA andN. For a variable poinP on sideCD, ND meetsAP
andMC atE andF andBP meetaVIC at G, respectively. For whicP is the area
of quadrilateraPEFG maximal?

3. A polygon in thexy—plane has area greater thanProve that it contains some
points(x;,yi), i =1,2,...,n+1, such thak — x; andy; —y; are integers for all

i,
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4. With u,v as input, a machine generat®s+ v as output. In the first operation,
the only operations that can be used arg 1 and a fixed real numbex. In
later operations, numbers generated in preceeding opesatan also be used.
Prove that for any polynomidi(x) = apx" + - - - + @, with integer coefficients the
machine can generaféc) as output after finitely many operations.
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