Chinese IMO Team Selection Test 1999
Time: 4.5 hours each day.

First Day

1. Letxy, o, ..., X, be positive reals whose sum equals 1. Find the maximum pos-
n

sible value of_;oq‘ —x).

2. Find all prime numberp with the property that, for all primeg the remainer of
p upon division byg is squarefree (i.e. not divisible by any square greater than
1).

3. Find the leastn for which there existn subsetsAs,Ao,..., A, of set S=
{1,2,...,15} satisfying:
(i) |A|=7foralli;
(i) |AiNAj| <3 forany two distinct, j;
(iii) for any 3-element subsél C Sthere is arf, containingM.

Second Day

4. Let a circle touch the sidesB, BC of a convex quadrilatera#lBCD at G andH
and intersecAC atE andF. Find the conditiolPABCD must satisfy in order to
exist a circle passing throudgh F and touchinddA, DC.

5. Letmbe an even positive integer.

(a) Showthatthere existintegetsxy, ..., Xom such thakXim=Xi+1%+m-1+
lfori=1,2,....m—1.

(b) Prove that, ifxy,Xo,...,Xon satisfy (a), one can construct an infinite se-
quenceyk)kez Of integers such that = x; fori = 1,...,2mandyyYk.m =
Yk+1Ykrm-1+ 1 for all integer.

6. For all permutations = (x,...,X10) of numbers 12, ..., 10, define

10
S(1) =Y 2% — 3xi4.1]
2

(wherexi1 = x3). Find the maximum and minimum values $ft) and all the
permutationg for which those are attained.
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