11-th Croatian National Mathematical Competition 2002

High School
Zadar, May 2-5, 2002

1-st Grade

1. The length of the middle line of a trapezoid is 4 and the @ngt one of the bases
are 40 and 50. Determine the lengths of the bases if the distance betviesan t
midpoints is 1.

2. Prove that for any positive numbexd, c and any nonnegative integpr

aPt2 4 pP+2 4 P2 > gPphc+ bPca+ cPab.

3. Find all triples(x,y, z) of natural numbers that verify the equation

2V 4+ 227 +22%° — X~y — £ =576

4. Adisc is divided into 30 segments which are labelled by180, 150,...,1500
in some order. Show that there always exist three successgraents, the sum
of whose labels is at least 2350.

2-nd Grade

1. Solve the equation

(X +3x—4)° 4 (2@ —5x+3)3 = (3 —2x—1)3.

2. Leta,b,c be real numbers greater than 1. Prove the inequality

b? c? a?
log, (&: —b+ ac) log, (a_b —c+ ab) log, (H: —a+ bC) >1

3. Iftwo triangles with side lengthes b,c anda’, b/, ¢ and the corresponding angles
a,B,yanda’, B’y satisfya + a’ = mandp = 8/, prove thaaa’ = bb/ +cc'.
4. Find all natural numbens for which the equation)lz +)—1/ = % has exactly five

solutions(x,y) in the set of natural numbers.
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3-rd Grade

1. IntriangleABC, the anglesr = ZAandf3 = /B are acute. The isosceles triangle
ACD andBCD with the base#C andBC and Z/ADC = 3, /BEC = o are con-
structed in the exterior of the triangddC. Let O be the circumcenter R ABC.
Prove thaDO+ EO equals the perimeter of triangh3C if and only if /ACB is
right.

2. Prove that a natural number can be written as a sum of twabog ponsecutive
positive integers if and only if that number is not a powened t

3. PointsE andF are taken on the diagonaf3; and CA; of the lateral faces
ABB;A; andCAA;C; of a triangular prism@&BCA;B;C; so thatEF || BC;. Find
the ratio of the lengths diF andBC;.

4. Among then inhabitants of an island, every two are either friends omees.
Some day, the chief of the island orders that each inhabftaciuding him-
self) makes and wears a necklace consisting of marblescim awvay that the
necklaces of two friends have at least one marble of the sppseand that the
necklaces of two enemies differ at all marbles. (A necklaeg aiso be marble-
less). Show that the chief’s order can be achieved by s different types
of stones, but not necessarily by using fewer types.

4-th Grade

1. For eachwith |x| < 1, compute the sum of the series

14+ A+ g

2. Consider the cube with the vertiok@l,1,1), B(—1,1,1),C(—1,—1,1),D(1,—-1,1)
andA’,B',C’,D’ symmetric toA, B,C, D respectively with respect to the origih
Let T be a point not on the circumsphere of the cube an®let= d. Denote
a=/ATA, B =/BTB,y=/CTC/,d= /ZDTD'. Prove that

tarta 4 tarf B +tarty tar s — 32
RN G

3. Letf(x) =x?992_x29014 1 Prove that for every positive integer the numbers
m, f(m), f(f(m)),... are pairwise coprime.

4. Let (an)ney be an increasing sequence of positive integers. A t&grim the
sequence is said to lgwod if it is a sum of some other terms (not necessarily
distinct). Prove that all terms of the sequence, apart fraitefiy many of them,
are good.
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