12-th Croatian National Mathematical Competition 2003

High School
Pula, May 7-10, 2003

1-st Grade

1. Show that a triangle whose side lengths are prime numbaret have an integer
area.
. . . 1.1 1
2. Show thatif,y,zare positive numbers with product 1 al;(ldi— y + 2 > X+y+2Z

then

x_1k+%+% > x4 y+Z forallkeN.

3. Inanisosceles triangle with basdateral sidéb and height to the baseit holds
that§ +v > byv/2. Find the angles of the triangle. Compute its arda=if8/2.

4. How many divisors of 383 are there which do not divide 2¢%?
2-nd Grade

1. Find all pairs of real numbers, y) satisfying

1
(2X+ 1% +y?+ (y—2%)% = 3
2. LetM be a pointinside a squaABCD andA1,B1,Cy,D1 be the second intersec-
tion points ofAM,BM,CM, DM with the circumcircle of the square. Prove that
AlBl . ClDl = A1D1 . Blcl.

3. For positive numbera,, ay, ...,a, (N> 2) denotes=a; + - - - + a,. Prove that

a n
Lo .
s—a; s—a, h-1

4. Find the least possible cardinality of a satf natural numbers, the smallest and
greatest of which are 1 and 100, and having the property teay €lement oA
except for 1 equals the sum of two elementé\of
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3-rd Grade

1. Leta,b,c be the sides of trianglaBC anda, 3, y be the corresponding angles.

(@) If a = 3B, prove thata? — b?)(a— b) = bc?.
(b) Is the converse true?

. . In(n+1 n+1
2. For every integen > 2, prove the equalit (n+1) _ |t .
4n—2 4
3. In a tetrahedro®BCD, all angles at verte® are equal toa and all dihedral
angles between faces havibgas a vertex are equal . Prove that there exists

a uniquea for which ¢ = 2a.

4. Given 8 unit cubes, 24 of their faces are painted in bluethademaining 24
faces in red. Show that it is always possible to assemble tha@ses into a cube
of edge 2 on whose surface there are equally many blue andiesbuares.

4-th Grade

1. Letl be a point on the bisector of angBAC of a triangleABC. PointsM,N
are taken on the respective sid& andAC so thatZABI = /NIC and ZACI =
/MIB. Show that is the incenter of triangl&BC if and only if pointsM, N and
| are collinear.

2. A sequencéan)n>o satisfiesamn + am-n = %(a2m+ apn) for all integersm,n

with m>n > 0. Given thata; = 1, findayggs

3. The natural numbers 1 through 2003 are arranged in a seguére repeatedly
perform the following operation: If the first number in thegaence i, the
order of the firsk terms is reversed. Prove that after several operations eumb
1 will occur on the first place.

4. Prove that the numbe(rg) — {%] is divisible by p for every prime numbep

and integen > p.
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