
5-th Croatian National Mathematical Competition 1996

High School
Kraljevica, May 16–19, 1996

1-st Grade

1. Prove thata4−10a2+9 is divisible by 1920 for every prime numbera > 5.

2. Real numbersa,b,c,d satisfy the conditiona + b + c + d = 0. Let us denote
S1 = ab + bc + cd andS2 = ac + ad + bd. Prove that

5S1+8S2 ≤ 0 and 8S1 +5S2 ≤ 0.

3. In a convex pentagonABCDE, M,N,P,Q are the midpoints ofAB,BC, CD,DE

respectively, andR andS are the midpoints ofMP andQN. Prove thatSR =
1
4

AE.

4. Four circles of radiusa with centers at the vertices of a square with sidea divide
the square into nine regions. Compute the area of each of the regions in terms of
the areaQ of the square, the areaK of any of the circles, and the areaT of an
equilateral triangle with sidea.

2-nd Grade

1. If a function f satisfies the conditions (i)–(iii), determinef
(√

1996
)

.

(i) f (1) = 1;

(ii) f (x + y) = f (x)+ f (y) for all x,y ∈ R;

(iii) f (1/x) = f (x)/x2 for all x ∈ R, x 6= 0.

2. For which real nhumbersa,b are the modules of all the roots of the equation
z3 + az2+ bz−1 equal to 1?

3. Let S be the intersection of the diagonals of a convex quadrilateral A1A2A3A4.
Denote bysk the area of the triangleAkSAk+1, k = 1,2,3,4 (whereA5 = A1).
Prove thats2

2 = s1s3 and 2s4 = s1+s3 if and only if A1A2A3A4 is a parallelogram.

4. In a circlek of radiusR, OA is a diameter andOB a chord. The tangent tok
at A intersects the lineOB at C, andT is a point on the segmentOB such that
OT = BC. If T ′ is the projection ofT ontoOA, expressT T ′ in terms ofx = OT ′.
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3-rd Grade

1. Prove that for allx ∈ R, sin5 x +cos5 x +sin4 x ≤ 2. When does equality occur?

2. Let h1,h2,h3 be the altitides of a triangleABC from A,B,C respectively, and let
u,v,w be the distances of a pointM inside the triangle from the sidesBC,CA,AB,
respectively. Prove that

h1

u
+

h2

v
+

h3

w
≥ 9, h1h2h3 ≥ 27uvw, (h1−u)(h2− v)(h3−w) ≥ 8uvw.

3. A regular quadrilateral pyramid is cut by a plane passing through one of the
vertices of the base and is perpendicular to the opposite lateral edge. The area
of the intersection is half the area of the base. Determine the angle between a
lateral edge and the base.

4. Let α and β be positive irrational numbers such that
1
α

+
1
β

= 1. Consider

A = {[nα] | n ∈ N} andB = {[nβ ] | n ∈ N}. Show thatA∪B = N andA∩B = /0.

Hint: You may prove an equivalent statement:φ(m) = m for m ∈ N, where
φ(m) = #{k ∈ N∩A | k ≤ m}+#{k ∈ N∩B | k ≤ m}.

4-th Grade

1. Does the following equation have a solution:

[x]+ [2x]+ [4x]+ [8x]+ [16x]+ [32x]= 12345?

2. For which real values ofλ1,λ2 are all solutions to the equation

(x + iλ1)
n +(x + iλ2)

n = 0

real? Determine these solutions.

3. Find all functionsf : R→ R that are continuous at zero and satisfy the condition

f (x)−2 f (tx)+ f (t2x) = x2 for all x ∈ R,

wheret ∈ (0,1) is a given number.

4. Problem 4 for Grade 3.
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