5-th Croatian National Mathematical Competition 1996

High School
Kraljevica, May 16-19, 1996

1-st Grade

1. Prove that* — 10a?+ 9 is divisible by 1920 for every prime numbac> 5.

2. Real numbers, b,c,d satisfy the conditiora+ b-+c+d = 0. Let us denote
S, = ab+bc+cdandS, = ac+ad -+ bd. Prove that

55 +85<0 and & +55<0.

3. In a convex pentagoABCDE, M, N, P,Q are the midpoints ofAB, BC, CD, DE
respectively, an®andSare the midpoints d¥1P andQN. Prove thaBR= %AE.

4. Four circles of radiua with centers at the vertices of a square with siaivide
the square into nine regions. Compute the area of each oégjiens in terms of
the areaQ of the square, the ard€ of any of the circles, and the ar@aof an
equilateral triangle with sida.

2-nd Grade

1. If a functionf satisfies the conditions (i)—(iii), determirig1/1996).

i) f(1) =1
(i) f(x+y)="f(x)+ f(y) forallx,yeR;
(iii) f(1/x) = f(x)/x?forallxe R, x#0.

2. For which real nhumbers, b are the modules of all the roots of the equation
2+ a2+ bz—1equalto 1?

3. Let Sbe the intersection of the diagonals of a convex quadrdaerAr,AzAs.
Denote bys the area of the triangl&ySAc 1, k= 1,2,3,4 (whereAs = Ay).
Prove that>22 =s1s3and & = 51 + sz if and only if AjA2AzA, is a parallelogram.

4. In a circlek of radiusR, OA is a diameter an®B a chord. The tangent tho
at A intersects the lin®©B atC, andT is a point on the segme@B such that
OT = BC. If T’ is the projection off ontoOA, expresd T’ in terms ofx = OT’.
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3-rd Grade

1. Prove that for alk € R, sir®°x+ co® x+ sir*x < 2. When does equality occur?

2. Leths, hy, hs be the altitides of a triangl&BC from A, B,C respectively, and let
u,v,w be the distances of a poikt inside the triangle from the sid&c, CA, AB,
respectively. Prove that

M2 Moo uhhe> 270w () -V~ w) > Buwe

3. A regular quadrilateral pyramid is cut by a plane passhrgugh one of the
vertices of the base and is perpendicular to the oppos#edlag¢dge. The area
of the intersection is half the area of the base. Determiaeatigle between a
lateral edge and the base.

e 1 1 .
4. Let o and 3 be positive irrational numbers such thg:tJr — = 1. Consider

A= {[na] | ne N} andB= {[nB] | ne N}. Show thahUB =N andANB = 0.

Hint: You may prove an equivalent statememg{m) = m for m € N, where
o(m =#Hke NNA|k<m}+#keNNB|k<m}.

4-th Grade

1. Does the following equation have a solution:
(X] + [2X] + [4x] 4 [8X] + [16x] 4 [32x] = 123457
2. For which real values ofy, A, are all solutions to the equation
(X+iA1)"+ (x+iA2)"=0

real? Determine these solutions.

3. Find all functionsf : R — R that are continuous at zero and satisfy the condition
f(x)—2f(tx) + f(t2x) =x* forallxe R,
wheret € (0,1) is a given number.

4. Problem 4 for Grade 3.
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