
8-th Croatian National Mathematical Competition 1999

High School
Supetar, May 5–8, 1999

1-st Grade

1. Circlesk1 andk2 with radii r1 = 6 andr2 = 3 are externally tangent and touch a
circle k with radiusr = 9 from inside. A common external tangent ofk1 andk2

intersectsk atP andQ. Determine the length ofPQ.

2. If a,b,c are positive numbers witha + b + c = 1, prove the inequality

a3

a2 + b2 +
b3

b2 + c2 +
c3

c2 + a2 ≥
1
2

.

3. For eacha, 1 < a < 2, the graphs of functionsy = 1− |x−1| andy = |2x− a|
determine a figure. Prove that the area of this figure is less than 1/3.

4. A triple of numbers(a1,a2,a3) = (3,4,12) is given. The following operation
is performed a finite number of times: choose two numbersa,b from the triple
and replace them by 0.6x− 0.8y and 0.8x + 0.6y. Is it possible to obtain the
(unordered) triple(2,8,10)?

2-nd Grade

1. In a triangleABC, the inner and outer angle bisectors atC intersect the lineAB
at L andM, respectively. Prove that ifCL = CM thenAC2 + BC2 = 4R2, where
R is the circumradius of△ABC.

2. For a real parametera, solve the equationx4−2ax2+ x + a2−a = 0. Find alla
for which all solutions are real.

3. Leta,b,c be positive real numbers withabc = 1. Prove the inequality

ab+cbc+aca+b ≤ 1.

4. On a basketball competitionn teams took part. Each pair of teams played exactly
one match, and there were no draws. At the end of the competition the i-th
team hadxi wins andyi defeats (i = 1, . . . ,n). Prove thatx2

1 + x2
2 + · · ·+ x2

n =
y2

1 + y2
2+ · · ·+ y2

n.
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3-rd Grade

1. A triangleABC is inscribed in a rectangleAPQR so that pointsB andC lie on
segmentsPQ andQR, respectively. Ifα,β ,γ are the angles of the triangle, prove
that

cotα ·SBCQ = cotβ ·SACR +cotγ ·SABP.

2. The base of a pyramidABCDV is a rectangleABCD with the sidesAB = a and
BC = b, and all lateral edges of the pyramid have lengthc. Find the area of the
intersection of the pyramid with a plane that contains the diagonalBD and is
parallel toVA.

3. The vertices of a triangle with sidesa ≥ b ≥ c are centers of three circles, such
that no two of the circles have common interior points and none contains any
other vertex of the triangle. Determine the maximum possible total area of these
three circles.

4. Given nine positive integers, is it always possible to choose four different num-
bersa,b,c,d such thata + b andc + d are congruent modulo 20?

4-th Grade

1. For every edge of a tetrahedron, we consider a plane through its midpoint that is
perpendicular to the opposite edge. Prove that these six planes intersect in a point
symmetric to the circumcenter of the tetrahedron with respect to its centroid.

2. Let n > 1 be an integer. Find the number of permutations(a1,a2, . . . ,an) of the
numbers 1,2, . . . ,n such thatai > ai+1 holds for exactly onei ∈ {1,2, . . . ,n−1}.

3. Let(an) be defined bya1 = a2 = 1 andan = an−1+an−2 for n > 2. Compute the

sum
a1

2
+

a2

22 +
a3

23 + · · · .

4. On the coordinate plane is given the square with verticesT1(1,0), T2(0,1),
T3(−1,0), T4(0,−1). For everyn ∈ N, point Tn+4 is defined as the midpoint
of the segmentTnTn+1. Determine the coordinates of the limit point ofTn as
n → ∞, if it exists.
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www.imomath.com


