50-th Czech and Slovak Mathematical Olympiad 2001

Third Round — Praha, April 1-4, 2001
Category A

1. Determine all polynomialB such that for every real number
P(X)? + P(—Xx) = P(x*) + P(X). (P. Caibek)

2. Given a triangléQX in the plane, witlPQ = 3, PX = 2.6 andQX = 3.8. Con-
struct a right-angled triangl&BC such that the incircle of ABCtouchesAB at
P andBC atQ, and pointX lies on the lineAC. (J. Sim3a)

3. Find all triples of real numbeis, b, c) for which the set of solutions of

V2x24+ax+b>x—c

is the sef—o,0) U (1, ). (P. Cernek)

4. In a certain language there aréetters. A sequence of letters isvard, if there
are no two equal letters between two other equal lettersd #ia number of
words of the maximum length. (K. Cernekod)

5. Asheet of paper has the shape of an isosceles trapgezdiiC, with the shorter
baseB,C,. The foot of the perpendicular from the midpobtof C,C, to AC,
is denoted byB;. Suppose that upon folding the paper al@igy, AD andAC;
pointsC,;,C, become a single poi@ and pointsB;, B, become a poinB. The
area of the tetrahedrodkBCDis 64cn?. Find the sides of the initial Lreiselaaist)

6. Let be given natural numbeas, ay, ...,a, and a functionf : Z — R such that
f(x) = 1 for all integers< < 0 and

F(x) = 1— f(x—a)f(x—az) - f (x—an)

for all integers< > 0. Prove that there exist natural numbgesdt such that for
all integers< > sit holds thatf (x+t) = f(x). (P. Kaitovsk)
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