53-rd Czech and Slovak Mathematical Olympiad 2004
Third Round — Pferov, March 28-31, 2004

Category A

1. Find all triples(x,y, z) of real numbers satisfying:

, [, 8 8 8
x+y2+22§6+m|n{x —?,yz—w,zz—? ]
(3. Svicek)

2. For an arbitrary positive integarconsider all possible words aflettersA andB
and denote by, the number of those words containing neitAé&tAAnor BBB.
Calculate the value of

P2004— P2002— P1999

P2001+ P2000 (R. Kutera)

3. In the plane are given a circdkeand 121 linesps, po, .. ., P121 intersectingk. On
eachp; a pointA; interior tok is selected. Prove that there exists a p&irdn k
such that lineg\ X andp; form an angle smaller than 21or at least 29 different
indicesi. (J. Sim3a)

. .. n n n. .

4. Find all natural numbersfor which — + — +---+ — is an integer.
1 2! n! .
(E. Kowact)

5. LetL be an arbitrary point on the shorter &b of the circumcircle of a square
ABCD. LetK be the intersection AL andCD, M be the intersection oD and

CL, andN be the intersection dfiIK andBC. Prove that point8,L,M,N lie on
(J. Svieek)

acircle.
6. Find all functionsf : R™ — R+ such that for any,y > 0,

X (F00+ f(y) = (x+y) f (F(0y). (P. Kaiovsk)
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