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Category A

1. Consider all arithmetical sequences of real numbers(xi)
∞
i=1 and(yi)

∞
i=1 with the

common first term, such that for somek > 1,

xk−1yk−1 = 42, xkyk = 30, and xk+1yk+1 = 16.

Find all such pairs of sequences with the maximum possiblek. (J. Šimša)

2. Determine for whichm there exist exactly 215 subsetsX of {1,2, . . . ,47} with the
following property:m is the smallest element ofX, and for everyx ∈ X, either
x+m∈ X or x+m> 47. (R. Kǔcera)

3. In a trapezoidABCDwith AB‖ CD, E is the midpoint ofBC. Prove that if the
quadrilateralsABED and AECD are tangent, then the sidesa = AB, b = BC,
c = CD, d = DA of the trapezoid satisfy the equalities

a+c=
b
3

+d and
1
a

+
1
c

=
3
b
. (R. Horensḱy)

4. An acute-angled triangleAKL is given on a plane. Consider all rectanglesABCD
circumscribed to triangleAKL such that pointK lies on sideBC and pointL lies
on sideCD. Find the locus of the intersectionSof the diagonalsAC andBD.(J. Šimša)

5. Let p,q, r,s be real numbers withq 6= −1 ands 6= −1. Prove that the quadratic
equationsx2 + px+ q = 0 andx2 + rx + s= 0 have a common root, while their
other roots are inverse of each other, if and only if

pr = (q+1)(s+1) and p(q+1)s= r(s+1)q.

(A double root is counted twice.) (J. Švřcek)

6. Decide whether for every arrangement of the numbers 1,2,3, . . . ,15 in a se-
quence one can color these numbers with at most four different colors in such a
way that the numbers of each color form a monotone subsequence. (J. Šimša)
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