54-th Czech and Slovak Mathematical Olympiad 2005

Third Round — BeneSov, April 3—6, 2005
Category A
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1. Consider all arithmetical sequences of real numbejs ; and(y;);> ; with the
common first term, such that for sorke> 1,

Xe—1Yk-1 =42, XY =30, and X 1Yike1 = 16.

Find all such pairs of sequences with the maximum posgible  (J. Sim3a)

2. Determine for whicimthere exist exactly?® subset of {1,2,...,47} with the
following property:mis the smallest element of, and for every € X, either
X+me X orx+m> 47. (R. Kitera)

3. In a trapezoidhBCDwith AB || CD, E is the midpoint oBC. Prove that if the
quadrilateralsABED and AECD are tangent, then the sidas= AB, b = BC,
¢ =CD, d = DA of the trapezoid satisfy the equalities

by ang 1.1_3
a+c=§+ an 5+E:5' (R. Horensl)

4. An acute-angled triangksK L is given on a plane. Consider all rectangdd3CD
circumscribed to triangl&KL such that poinK lies on sideBC and point_ lies
on sideCD. Find the locus of the intersecti@of the diagonal&\C amd,mnga)

5. Letp,q,r,s be real numbers witlh # —1 ands # —1. Prove that the quadratic
equations + px+ g = 0 andx? + rx +s= 0 have a common root, while their
other roots are inverse of each other, if and only if

pr=(q+1)(s+1) and p(q+1)s=r(s+1)q.

(A double root is counted twice.) (3. Svitek)

6. Decide whether for every arrangement of the numbe?s3]...,15 in a se-
guence one can color these numbers with at most four diffeaars in such a
way that the numbers of each color form a monotone subseguerg. Simsa)
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