
56-th Czech and Slovak Mathematical Olympiad 2007
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Category A

1. A chess piece is placed on some square in ann × n square chessboard (n ≥
2). It then makes alternatelystraight and diagonal moves - i.e. moves to a
square having a side or exactly one vertex in common with the original square,
respectively. Find alln for which there exists a sequence of moves, starting by a
diagonal move from the original square, such that the piece visits each square of
the chessboard exactly once.

2. In a cyclic quadrilateralABCD denote byL andM the incenters of trianglesBCA
andBCD, respectively. The perpendiculars fromL andM to the linesAC andBD
respectively intersect atR. Show that the triangleLMR is isosceles.

3. Consider all functionsf : N → N satisfying f (x f (y)) = y f (x) for anyx,y ∈ N.
Find the least possible value off (2007).

4. The setM contains all natural numbers from 1 to 2007 inclusive and hasthe fol-
lowing property: Ifn ∈ M, thenM contains all terms of the arithmetic progres-
sion with first termn and differencen + 1. Decide whether there must always
exist a numberm such thatM contains all natural numbers greater thanm.

5. In an acute triangleABC with AC 6= BC, pointsD andE are taken on sidesBC
andAC respectively such thatABDE is a cyclic quadrilateral. The diagonalsAD
andBE meet atP. Show that ifCP ⊥ AB thenP is the orthocenter of△ABC.

6. Find all ordered triples(x,y,z) of mutually distinct real numbers satisfying the
set equation

{x,y,z} =

{

x− y
y− z

,

y− z
z− x

,

z− x
x− y

}

.
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