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1. Let k be a positive integer. We call an integerk-typical if each of its divisors
leaves a remainder 1 upon division byk. Prove that:

(a) If the number of divisors of a positive integern (including 1 andn) is k-
typical thenn is ak-th power of an integer.

(b) The converse of (a) is false ifk is greater than 2.

2. Finitely many chords are drawn in a circle of radius 1. Every diameter has com-
mon points with at mostk of these chords, wherek is a given positive integer.
Prove that the sum of the lengths of all the chords is less thankπ .

3. Two circlesk1 andk2 intersect at distinct pointsA andB. The tangents tok2 and
k1 at A meetk1 andk2 respectively again inC1 andC2. The lineC1C2 intersects
k1 again inD. Prove thatBD bisects the chordAC2.

4. Prove that there exist infinitely many pairs of distinct positive rational numbers
(x,y) such that both

√

x2 + y3 and
√

x3 + y2 are rational numbers.
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