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1. Prove that if none of the natural numbersa andb is a perfect cube, then3
√

a+
3
√

b
is irrational.

2. Let P be a set ofn prime numbers, and letM be a set of more thann natural
numbers which are not all squares and whose all prime factorsare inP. Show
that there always exists a nonempty subsetT of M whose product of elements is
a square.

3. In a triangleABC, pointsP,Q,R distinct from the vertices of the triangle are cho-
sen on sidesAB,BC,CA, respectively. The circumcircles of the trianglesAPR,
BPQ, andCQR are drawn. Prove that the centers of these circles are the vertices
of a triangle similar to triangleABC.

4. The sequence(an) is defined bya1 = 1, a2 = 2 and

an+2 =

{

5an+1−3an if anan+1 is even,
an+1−an if anan+1 is odd.

(a) Prove that the sequence contains infinitely many positive terms and in-
finitely many negative terms.

(b) Prove that no term of the sequence equals zero.

(c) Show that ifn = 2k
−1 for k = 2,3,4, . . . , thenan is divisible by 7.
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