
20-th Hellenic Mathematical Olympiad 2003
February 15, 2003

Juniors

1. Find all positive integersn for which numberA = n3−n2+ n−1 is prime.

2. Find all four-digit natural numbersxyzw with the property that their sum with
the sum of their digits equals 2003.

3. In an isosceles triangleABC with AB = AC, AH is the altitude andM the circum-
center. The line throughM parallel toAB meetsBC at D. The circumcircle of
triangleAMD intersects the perpendicular bisector ofAB again atS. Prove that
BS ‖ AM and thatAMBS is a rhombus.

4. Find all positive integers which can be written in the form
mn +1
m+ n

, wherem,n

are positive integers.

Seniors

1. If a,b,c,d are positive numbers satisfyinga3 + b3+ ab = c + d = 1, prove that
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≥ 40.

2. Find all real solutions of the system

x2 + y2− z(x + y) = 2,

y2 + z2− x(y + z) = 4,

z2 + x2− y(z+ x) = 8.

3. Given are a circleC with centerK and radiusr, pointA on the circle and point
R in its exterior. Consider a variable linee throughR that intersects the circle at
two pointsB andC. Let H be the orthocenter of triangleABC. Show that there is
a unique pointT in the plane of circleC such that the sumHA2 + HT 2 remains
constant (ase varies.)

4. On the setΣ of points of the planeΠ we define the operation∗ which maps
each pair(X ,Y ) of points inΣ to the pointZ = X ∗Y that is symmetric toX
with respect toY . Consider a squareABCD in Π. Is it possible, using the points
A,B,C and applying the operation∗ finitely many times, to construct the point
D?
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