25-th Hellenic Mathematical Olympiad
Athens, February 23, 2008

Juniors

1. Letp,qdenote distinct prime numbers akd positive integers. Find all positive
divisors of the numbers: (8 = p¥; (b) B = p*q'; (c) C = 1944.

2. If x,y,zare positive real numbers wittf + y2 + 72 = 3, prove that
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3. Find the greatest positive integefor which A = 2182 4x 4 8790 s g perfect
square.

4. LetABCD be a trapezoid witthD = a, AB = 2a, BC = 3aand /A = /B = 90°.
Let E andZ be the midpoints oAB andCD respectively, and ldtbe the foot of
the perpendicular frord to BC. Prove that

(a) triangleBDC is isosceles;

(b) the midpointO of EZ is the barycenter of\BDZ;
(c) the linesAZ andDlI intersect on the lin8O.

Seniors

1. Acomputergenerates all pairs of real numbeys: (0, 1) for which the numbers
a=Xx+myandb = y+ mxare both integers, whemis a given positive integer.
Finding one such paifx,y) takes 5 seconds. Fird is the computer needs 595
seconds to find all possible ordered paitsy).

2. Find all integersc and prime numberp satisfyingx® + 222 = p,

3. A triangle ABC with orthocenteH is inscribed in a circle with centdf and
radius 1, where the angles BtandC are non-obtuse. If the linddK andBC
meet at pointS such thatSK(SK — SH) = 1, compute the area of the concave
quadrilateraABHC.

4. Ifag,ay,...,a, are positive integers ad= max{ay, ..., an},t =min{ay,...,an},
prove the inequality

af+---+aa

a+-+an

When does equality hold?
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