12-th International Mathematical Olympiad
Budapest — Keszthely, Hungary, July 8-22, 1970

First Day — July 13

1. Given a pointM on the sideAB of the triangleABC, letr, andr; be the radii of
the inscribed circles of the triangl&&€M andBCM respectively whilgp; andp,
are the radii of the excircles of the trianglé€M andBCM at the side#AM and
BM respectively. Let andp denote the respective radii of the inscribed circle

and the excircle at the sidkeB of the triangleABC. Prove that;Tl;)—2 = ({)DOIand)
1 P2
2. Letaandb be the bases of two number systems and let

An =X X0, Ani1 =R X,
Bn =X X2, Bni1 = XX %),

be numbers in the number systems with respective basasd b, so that
X0,X1,X2, ..., X, denote digits in the number system with basas well as in
the number system with babeSuppose that neith&g norx; is zero. Prove that

a> bif and only if An < Bn (Romania)

Ani1  Bnpr .
3. Letl=gg<a;<ap<---<ayp<--- beasequence of real numbers. Consider

the sequenchby, by, ... defined by

n
by = z <1_ M) i )
&1 & /) vk
(a) Prove that for all natural numbarsO < b, < 2.

(b) Givenan arbitrary & b < 2, prove that there is a sequergeay, . . ., an, .. .

of the above type such thibg > b is true for an infinity of natural numbers
n. (Sweden)

Second Day — July 14

4. For what natural numberscan the product of some of the numbara+ 1,n+
2,n+3,n+4.n-+5be equal to the product of the remainintfeigsémslovakia)

5. In the tetrahedroABCD, the edge8D andCD are mutually perpendicular, and
the projection of the verteR® to the planéABCis the intersection of the altitudes
of the triangleABC. Prove that

(AB+BC+CA)? < 6(DA? 4 DB? 4+ DC?) .
For which tetrahedra does equality hold? (Bulgaria)
6. Given 100 points in the plane, no three of which are on theesine, consider

all triangles that have all their vertices chosen from the di¥en points. Prove

that at most 70% of these triangles are acute-angled. ) )
(Soviet Union)
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