
24-th Indian Mathematical Olympiad 2009

First Day

1. Let ABC be a triangle and letP be an interior point such that∠BPC = 90◦,
∠BA=∠BCP. Let M andN be the midpoints of the segmentsAC andBC respec-
tively. If BP = 2PM, prove thatA, P, andN are collinear.

2. Define the sequence(an)
∞
n=1 in the following way:

an =

{

0, if the number of positive divisors ofn is odd,
1, otherwise.

Prove thatx = 0.a1a2a3 . . . is irrational.

Remarks. 1 andn are positive divisors ofn. x can be understood asx = ∑∞
n=0 an ·

1
10n .

3. Find all real numbersx such that:

[x2 +2x] = [x]2 +2[x].

Second Day

4. All the points of the plane are colored using three colors.Prove that there exists a
triangle with vertices of the same color such that either which either is isosceles
or its angles are in geometric progression.

5. LetH be an orthocenter of acute-angled triangleABC. Denote byhmax the largest
altitude of△ABC. Prove that

AH + BH +CH ≤ 2hmax.

6. Leta, b, andc be real numbers such thata3 + b3 = c3. Prove that

a2+ b2− c2
> 6(c−a)(c−b).
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