
Indian IMO Team Selection Tests 1994

First Test
May 18

1. A vector in the coordinate plane initially coinciding with OM0 rotates about
the originO at a constant speed of 2π/n radian per second, wheren ∈ N. Let
M1,M2, . . . ,Mn−1 be the positions ofM0 at the end of 1,1+ 2, . . . ,1+ 2+ · · ·+
(n−1) seconds. Determine the set of values ofn for whichM0,M1,M2, . . . ,Mn−1

are the vertices of a regularn-gon (in some order).

2. Find all functionsf : N → N with the following properties:

(i) f is strictly increasing;

(ii) f (2n) = f (n)+ n for eachn ∈ N;

(iii) Whenever f (n) is a prime,n is a prime;

3. Show that the numbers 1,2,3, . . . ,1994 can be colored using 4 colors so that no
arithmetic progression of 10 terms has all its members colored the same.

4. A nonisosceles trapeziumABCD with AB ‖ CD andAB > CD possesses an in-
circle with centerI which touchesCD atE. Let M be the midpoint ofAB and let
MI meetCD at F . Show thatDE = FC if and only if AB = 2CD.

Second Test
May 21

1. Suppose the setQ+ is partitioned into three disjoint subsetsA,B,C satisfying the
conditionsBA = B, B2 =C, BC = A, whereHK stands for the set{hk | h∈ H,k ∈
K} for any two subsetsH,K of Q+ andH2 stands forHH.

2. Show that all positive rational cubes are inA.

3. Find such a partitionQ+ = A∪B∪C with the property that for no positive integer
n ≤ 34 are bothn andn +1 in A; that is,

min{n ∈ N | n ∈ A,n +1∈ A} > 34.

4. Find the largest integern ≤ 1994 for which 210 divides
(4n

n

)

.

5. Show that there are infinitely many polynomialsP with integer coefficients such
thatP(0) = 0 andP(x2−1) = P(x)2−1.

6. In the triangleABC, let D,E be points on the sideBC such that∠BAD = ∠CAE.
If M,N are, respectively, the points of tangency withBC of the incircles of the
trianglesABD andACE, show that

1
MB

+
1

MD
=

1
NC

+
1

NE
.
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Third Test
May 25

1. Let ABCD be a convex quadrilateral such that the internal angle bisectors of
the four angles of the quadrilateral form a nondegenerate convex quadrilateral
PQRS. Prove that the Euler circles of the trianglesQRS, RSP, SPQ, PQR have a
point in common.

2. Suppose thatF is a family ofk-element subsets of a 2k-element setX such that
each(k −1)-element subset ofX is contained precisely in one member ofF .
Show thatk +1 is a prime number.

3. Letak andbk, 1≤ k ≤ n, be positive real numbers. Show that

n
√

a1a2 · · ·an + n
√

b1b2 · · ·bn ≤ n
√

(a1 + b1)(a2 + b2) · · · (an + bn).

4. Two distinct real numbersa andb are such thatan − bn is an integer for each
n = 1,2, . . . . Show thata andb are themselves integers.

Fourth Test
May 28

1. In triangleABC with AB = AC, D is the foot of the altitude fromC, E the mid-
point ofCD, andF the foot of the perpendicular fromA to BE. Let K be the foot
of the perpendicular fromA to CF. Prove thatAK ≤ 1

3AB.

2. Find all positive integersn for which there exists a permutation(a1,a2, . . . ,an)
of 1,2, . . . ,n such thati dividesa1 + a2+ · · ·+ ai for eachi, 1≤ i ≤ n.

3. Show that in any sequence of length 2n of n symbolsa1,a2, . . . ,an there exists
a block in which each symbol occurs an even number (possibly zero) times.
Furthermore, show that this conclusion in not necessarily true for a sequence of
length 2n −1.

4. A person starts at the origin and makes a sequence of moves along the real axis
with k-th move being a change of+k or−k.

(a) Prove that the person can reach any integer.

(b) If M(n) is the least number of moves required to reach a positive integern,
prove that

2− 1√
n

<
M(n)√

n
<
√

2+
3√
n

.

Fifth Test
May 29
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D. Djukić, V. Janković, I. Matić, N. Petrović
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1. The incircle of a triangleABC touches the sidesBC,CA,AB at D,E,F , respec-
tively. Let P be any point within the incircle and let the segmentAP,BP,CP
meet the incircle at pointsX ,Y,Z, respectively. Prove that the linesDX , EY , FZ
concur.

2. A finite seta1,a2, . . . ,an of positive integer is calledgood if ai divide a1 + a2 +
· · ·+ an for eachi = 1, . . . ,n. Prove that every finite set of positive integer is
contained in some good set.

3. If a1,a2, . . . ,an are positive numbers, prove the inequality

N

∑
j=1

j
√

a1a2 · · ·a j < 3
N

∑
j=1

a j.

4. LetN(S) denote the number of subsets of a finite setS (i.e. N(S) = 2|S|). Suppose
that A, B, C are finite sets with|A| = |B| = 1994 andN(A) + N(B) + N(C) =
N(A∪B∪C). Determine the minimum positive value of|A∩B∩C|. Give an
instance where this minimum is realized.
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