21-th Italian Mathematical Olympiad 2005

Cesenatico, May 6, 2005

=

. In a right-angled triangl&BC with hypotenuseAC, H is the foot of the alti-
tude fromB. Assuming that there is a right-angled triangle with sielegiths
AB,BC,BH, find the possible values @i /CH.

2. Prove that among any 18 consecutive positive integersxtaeding 2005 there
is at least one divisible by the sum of its digits.

3. In each cell of a 4« 4 table a digit 1 or 2 is written. Suppose that the sum of
the digits in each of the four 8 3 sub-tables is divisible by 4, but the sum of the
digits in the entire table is not divisible by 4. Find the gesa and the smallest
possible value of the sum of the 16 digits.

4. Determine alh > 3 for which there ar@ positive integersy, ..., an any two of
which have a common divisor greater than 1, but any three aftwdre coprime.
Assuming that, moreover, the numbesare less than 5000, find the greatest
possiblen.

5. Leth be a positive integer. The sequergeas defined byag = 1 and

[ an/2 if a, is even;
@1= 9\ a,+h otherwise.

For exampleh = 27 yieldsa; = 28,a; = 14,a3 = 7, a4 = 34 etc. For whicth
is there am > 0 witha, = 1?

6. Two circlesy, y» in the plane, centered landB respectively, intersect &and
D. Suppose that the circumcircle ABC intersectss in E andy, in F, where the
arcEF not containingC lies outsidey; andys,. Prove that this arEF is bisected
by the lineCD.
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