6-th Italian Mathematical Olympiad 1990

Cesenatico, May 1990

1. A cube of edge length 3 consists of 27 unit cubes. Find thebau of lines
passing through exactly three centers of these 27 cubeglbasthe number of
those passing through exactly two such centers.

2. In a triangleABC, the bisectors of the anglesBandA meet the opposite sides
at P andQ, respectively. Suppose that the circumcircle of triarR@C passes
through the incenteR of AABC. Given thatPQ =1, find all sides of triangle
PQR.

3. Leta, b, c be distinct real numbers aiR{x) a polynomial with real coefficients.
Suppose that the remaindersRik) upon division by(x—a), (x—b) and(x—c)
area, b andc, respectively. Find the polynomial that is obtained as émeainder
of P(x) upon division by(x — a)(x— b)(x—c).

4. Leta,b,cbe side lengths of a triangle widH- b+ c= 1. Prove that

NI =

a’+b%+c?+dabc <

5. Prove that, for any integey x° + 5x + 16 is not divisible by 169.

6. Some marbles are distributed over{21 bags. Suppose that, whichever bag is
removed, it is possible to divide the remaining bags into gmoups ofn bags
such that the number of marbles in each group is the same.e Bnav all the
bags contain the same number of marbles.
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