5-th Japanese Mathematical Olympiad 1995

Final Round — February 11

1. Letn > 2 andr > 0 be integers such thatf r, and letg be the greatest common
divisor ofn andr. Prove that

where(x) = x— [x] is the fractional part ok.

2. Let f(x) be a non-constantrational function (a quotient of two polyials) and
leta be a real number. Find all paifs, f) satisfyingf (x)? —a= f(x?) for all x.

3. LetABCDE be a convex pentagon. Diagomi meetsAC, AD atS R, BD meets
CA,CE atT,P, andCE meetsAD atQ, respectively. Suppose the areas of trian-
glesASR,BTS,CPT,DQP,ERQ are all equal to 1.

(a) Determine the area of pentage@RST .
(b) Determine the area of pentagdBCDE.

4. The sequencéan)ney is defined byagn1 = (—1)" andag, = an. A point P

moves on the coordinate plane as follows:
(i) First P moves from the origif® to P;(1,0)

(i) After P has moved td?, it turns 90 to the left and moves forward 1 unit
if & = 1, and turns 90to the right and moves forward 1 unitaf = —1.
Denote this point by, ;.

Can the point retrace an edge? That is, Bas- Ry andP,,1 = Ry, 1 for some
u,w?

5. Let 1<k < nbeintegers andy, ay, . .., ax be complex numbers which satisfy

aj+ah+---+a=n fori=12...k

Prove thafx+a; ) (X+ag) - - (X + &) = X<+ (D X<l 4 (E)
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