
51-st Polish Mathematical Olympiad 1999/2000

First Round
September – December, 1999

1. Prove that, for every integern ≥ 3, the sum of the cubes of all natural numbers
less thann and coprime withn is divisible byn.

2. In an acute-angled triangleABC with ∠ACB = 2∠ABC, D is the point on side
BC satisfying 2∠BAD = ∠ABC. Prove that

1
BD

=
1

AB
+

1
AC

.

3. The sum of positive numbersa,b,c is 1. Prove thata2 + b2+ c2+2
√

3abc ≤ 1.

4. Each point of a circle is painted with one of three colors. Prove that there exist
three points of the same color on the circle which are vertices of an isosceles
triangle.

5. Find all pairs(a,b) of positive integers such that the numbersa3 + 6ab + 1 and
b3 +6ab +1 are cubes of positive integers.

6. A point X lies inside or on the boundary of the triangleABC with ∠C = 90◦.
PointsP,Q,R are the projections ofX ontoBC,CA, andAB respectively. Prove
that the equalityAR ·RB = BP ·PC + AQ ·QC holds if and only ifX lies on the
sideAB.

7. Show that for each positive integern and each numbert ∈
(

1
2,1

)

there exist
numbersa,b ∈ (1999,2000), such that

1
2

an +
1
2

bn
< (ta +(1− t)b)n

.

8. The numbersc(n,k) are defined for integersn ≥ k ≥ 0 by c(n,0) = c(n,n) = 1
for all n ≥ 0 and

c(n +1,k) = 2kc(n,k)+ c(n,k−1) for n ≥ k ≥ 1.

Prove thatc(n,k) = c(n,n− k) for all n andk.

9. Suppose that positive integersm andn are such thatmn dividesm2 + n2 + m.
Prove thatm is a perfect square.

10. Let
−→
OA,

−→
OB,

−→
OC be pairwise orthogonal unit vectors in space. Letω be a variable

plane throughO, and letA′, B′, C′ be the projections ofA,B,C ontoω . Find the
set of values ofOA′2 + OB′2+ OC′2 whenω takes all possible positions.
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11. LetM be a set ofn2 +1 positive integers having the following property: in each
n + 1 numbers fromM there are two numbers, one of which divides the other.
Prove that there are different elementsa1, . . . ,an+1 of M such thatai+1 | ai for
i = 1,2, . . . ,n.

12. PointsD,E,F are taken on the respective sidesBC,CA,AB of an acute-angled
triangleABC. The circumcircles of the trianglesAEF, BFD, CDE meet at point
P. Prove that if

PD
PE

=
BD
AE

,
PE
PF

=
CE
BF

,
PF
PD

=
AF
CD

,

thenAD, BE, CF are the altitudes of triangleABC.
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