
54-th Polish Mathematical Olympiad 2002/03

First Round
September – December, 2002

1. Find all pairs of positive integersx,y such that(x+y)2−2(xy)2 = 1.

2. Given a real numbera1, define the sequence(an) by an+1 = a2
n−an+1 for n≥ 1.

Prove that for all positive integersn,
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.

3. Three different pointsA,B,C are given on a circleo. The tangent lines too at A
andB meet atP, and the tangent line too atC intersects the lineABat Q. Prove
thatPQ2 = PB2+QC2.

4. Consider the set of all sequences of lengthk with terms in the set{1,2, . . . ,m}.
For each of these sequences the value of the smallest term is marked. Prove that
the sum of all the marked numbers is equal to 1k +2k + · · ·+mk.

5. A positive integern1 contains 333 decimal digits, and all these digits are nonzero.
For i = 1,2, . . . ,332, setni+1 to be the number obtained fromni by moving the
last digit ofni to the beginning. Prove that 333 divides either none, or all of the
numbersn1,n2, . . . ,n333.

6. PointsA,B,C,D lie in this order on a circleo. Let M be the midpoint of the arc
AB of o not containingC,D, andN be that of the arcCD not containingA,B.
Prove that

AN2−BN2

AB
=

DM2−CM2

CD
.

7. On a meeting at aunt Renia metn persons (including the aunt). Each person gave
at least one gift to at least one other person. Each person except aunt Renia gave
thrice as many gifts as he/she received, but aunt Renia received six times more
gifts as she gave out. Find the smallest number of gifts whichaunt Renia could
have obtained.

8. In a tetrahedronABCD, M andN are the midpoints of the edgesAB andCD,
respectively. Suppose that a pointP on segmentMN satisfiesMP = CN and
NP = AC. Let O be the circumcenter of the tetrahedron. Show that ifO 6= P,
thenOP⊥ MN.

9. Find all polynomialsW with real coefficients having the following property: If
x+y is a rational number, then so isW(x)+W(y).

10. A deck of 52 cards labelled with numbers 1,2, . . . ,52 is given. A permutationπ
of the set{1,2, . . . ,52} is called ashuffleif there is an integer 1≤ m≤ 51 such
thatπ(i) < π(i +1) for i = 1,2, . . . ,m−1,m+1,m+2, . . . ,51. Prove or disprove
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that starting with cards in an arbitrary order we can arrangethem in any other
order in at most 5 shuffles.

11. A convex quadrilateralABCDis given. PointsP andQ different from its vertices
lie on the segmentsBC andCD, respectively, and satisfy the condition∠BAP=
∠DAQ. Show that the trianglesABPandADQ have the same area if and only if
their orthocenters lie on a line perpendicular toAC.

12. For positive real numbersa,b,c,d, denoteA = a3 +b3 +c3 +d3 andB = bcd+
cda+dab+abc. Prove that

(a+b+c+d)3≤ 4A+24B.
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D. Djukić, V. Janković, I. Matić, N. Petrović
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