44-th Polish Mathematical Olympiad 1992/93

First Round
September — December 1992

1. Solve the following equation in real numbers:

(= 21)(|X +1)

= [x+1].
X+ Sgrx

2. Letn > 3 be integer. Solve the system of equations:

tanx; +3cotxy = 2tanxy,
tanxo +3cotx, = 2tanxs,
tanx, + 3cotx, = 2tanx;.

3. LetABCDEF be a centrally symmetric hexagon. The licAB andEF meet at
A, the linesBC andAF meet atB’, and the linesAB andCD meet aiC’. Prove
that

AB.BC-CD =AA'-BB'-CC'.

4. Find all functionsf : R — R such that for all reax,y,
f(x+y) = f(x=y) =) f(y).

5. Let A andC be distinct points in the plane. For every poBibne constructs
squaresABKL and BCMN outside the trianglé@BC. Prove that the line&M
pass through a fixed point &varies in the same halfplane determinedday

6. The sequencg,) is defined bykg = 1992 and

199201
Xn=——"— Xk
n kZO

1992
for eachn > 1. Calculatez) 2"%,.
n—

7. Consider the point8y(0,0,0), A1(1,0,0), A>(0,1,0) andA3(0,0,1) in space.
Let the pointR; (i, j = 0,1, 2,3) be defined byA\oR; = A/A;. Find the volume of
the convex hull of point§};.

8. Given a positive integer, determine the maximum possible value of the sum of
natural numberky, ko, ..., ky satisfying

EH+IS+--+ k< 7n.
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9. Leta,b,cbe reaql numbers. Prove the inequality

(@2 + b2 - (PP +2-a)(+a—b?) <
< (a+b-c)®(b+c—a)?)(c+a—b)2

10. Let% be a cube and let : € — € be a surjection such thiRQ| > |f(P) f(Q)|
for all P,Q € €. Prove thatf is an isometry.

11. Six pawns are randomly placed onraxn chessboard. Lgt, be the probability
that at least two of the pawns lie in the same row or columnd l;Iﬁirm npn.

12. Prove that the polynomigl+4 is expressible as the product of two non-constant
polynomials with integer coefficients if and only if| 4.
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