49-th Polish Mathematical Olympiad 1997/98

First Round
September 11 — December 10, 1997

1. Solve the system of equations:
|X— _ m I
y| X - 17
|2X—y|+ X+y—1+[x—y|+y—1 =0.
2. LetH be the orthocenter of a triangle inscribed in a circle withteeO. Given
thatAO = AH, find the measure of CAB.

3. The sequencdsy), (bn), (cn) are given byay = 4 and forn > 1,
ant1=an(@an—1), 2™ =a, 2" % =h,
Prove that the sequen¢s,) is bounded.

4. Letabe a positive number. Determine all real numbevgth the property that,
for any positive numbersy, the following inequality holds:

(c— )X < (cy—x)y™

5. Solve the equatioftar’x— cot’x| = 2n|cot2x|, wheren is a given positive inte-
ger.

6. In a triangleABC with AB > AC, D is the midpoint oBC andE is an arbitrary
point on sideAC. PointsP andQ are the orthogonal projections BfandE onto
AD, respectively. Show th&8E = AE + AC if and only if AD = PQ.

7. Letm,n be given positive integers amfd= {1,2,...,n}. Determine the number
of functionsf : A — A attaining exactlyn values such that

f(f(k) =f(k) < f(l) forallkleAwithk<I.

8. Determine if there exists a convex polyhedron having tyx&@dges and a plane
not passing through any vertex and cuttingdges such that 3> 2k.

9. Defineag =0.91 andak:0.99...900k...01f0rk>0. Compute%ﬂgaoal---an.
ok 2kq

10. The mediansD,BE,CF of a triangleABC meet atG. Prove that if the quadri-
lateralsAF GE andBDGF are cyclic, then the triangl&BC is equilateral.

11. In atennis tournamentplayers took part. Any two players played a match (no
draws). Prove that there is a play®such that for any other play&, A either
defeated or there is a playeC who defeated but lost toA.

12. Letg(k) denote the greatest prime divisor of an intelgér|k| > 2, andg(—1) =
g(0) =g(1) = 1. Find if there exists a non-constant polynonwakith integer
coefficients such that the spg(W(x)) | x € Z} is finite.
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