50-th Polish Mathematical Olympiad 1998/99

First Round
September — December, 1998

1. Prove that among the number$5Q50n+1)°%, wheren € N, there are infinitely
many composite numbers.

2. If a,b,c,d are real numbers, prove the inequality

(a+b+c+d)% < 3(a®+b®+c?+d?) 4 6ab.

3. Let ABC be an isosceles triangle withA = 90°. PointD is taken on sidé3C
such thaBD = 2CD, andE is the projection oB onto the lineAD. Compute
/CED.

4. Suppose that,y are real numbers such that-y, X2+ y2, X3 +y3, andx* +y*
are integers. Prove that + y" is an integer for alh € N.

5. Determine all positive integexksy satisfyingy* = x°°.

6. DiagonalsAC andBD of a convex quadrilateraslBCD meet atP. Let M be the
midpoint of AB and let the lineMP meetCD at Q. Prove that the ratio of the
areas of the triangleBCP andADP equalCQ : DQ.

7. Letn > 2 be aninteger. Find all polynomiax) = ag+ ayx+ - - - +anx" having
exactlyn real roots not exceedingl and satisfying

ag -+ ayan = a + agan_1.

8. LetSbe a set oh > 2 elements. Find the smalldstor which there exist subsets
A1, A, ..., A¢ of Swith the following property: For any two elemerdsb of S
there existsj € {1,2,...,k} such thatA; contains exactly one of the elements
a,b.

9. Suppose thdd, E,F are points on the sid&3C, CA, AB of a triangleABC respec-
tively such that the incircles of the triangl&&F, BFD, CDE are tangent to the
incircle of the triangledDEF. Show that the linedD, BE,CF are concurrent.

10. Givenx; > 0, the sequencgy) is defined by

= ! f >1
xn+1_xn+x—% orn> 1.

X . N
Prove that the I|m|'% I|m3—n exists and find it.

n
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11. There are a white ball and a black ball in an urn. In addljtiee are given 50
white and 50 black balls. We repeat the following proced@rrhes: we choose
at random one ball from the urn and return it to the urn togetlita another ball
of the same color. What will be the most probable numbers dtfeidalls in the

urn?

12. All vertices of a cube of edgelie on the surface of a regular tetrahedron of edge
1. Find all possible values @t

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



