54-th Polish Mathematical Olympiad 2002/03

Second Round
February 21-22, 2003

First Day

1. Show that there exists a positive integer 2003 for which the sequeneg =
E , k=0,1,...,2003, has the following propertyay dividesa, whenever
0<k<m<2003.

2. A quadrilateraABCD is inscribed in a circl®. The bisectors of the angI&AB
and ABC meet atP, and the bisectors of the anglBED andCDA meet atQ.
Let M be the midpoint of the arBC of o not containingd andA, andN be the
midpoint of the ardA of o not containing® andC. Prove that the line through
P andQ is perpendicular td/N.

3. Consider the polynomi&W(x) = x* — 3x3 4+ 5x2 — 9x. Find all pairs of distinct
integersa, b satisfyingW(a) = W(b).

Second Day

4. Show that for each primp > 3 there exist integers y,k with 0 < 2k < p such
thatkp +3 = x? +y2.

5. From a pointA exterior to a circleo with centerO, two tangent lines touching
o at B andC are drawn. Another line tangent tointersects the segmenis
andAC at pointsE andF, respectively. The line®E andOF respectively meet
segmentBC at P andQ. Prove that segmenBP,PQ, and QC are sides of a
triangle similar toAAEF.

6. A functionf from the pairs of nonnegative integers to the real numbdisfies
the following conditions:

f(0,0) =0, f(2x,2y) = f(2x+1,2y+1) = f(x,y),
f(2x+1,2y) = f(2x,2y+ 1) = f(x,y) + 1

for all nonnegative integersy. Letn anda,b be nonnegative integers such that
f(a,b) = n. Find the number of integral solutiomsof the equationf (a,x) +
f(b,x) =n.
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