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First Day

1. If x,y,u,v are positive real numbers, prove the inequality

xu + xv + yu + yv
x + y + u + v

≥
xy

x + y
+

uv
u + v

.

2. Let be given a circle with centerO and a pointP outside the circle. A linel
passes throughP and cuts the circle atA andB. Let C be the point symmetric
to A with respect toOP, and letm be the lineBC. Prove that all linesm have a
common point asl varies.

3. A tetrahedronOA1B1C1 is given. LetA2,A3 ∈ OA1, A2,A3 ∈ OA1, A2,A3 ∈ OA1

be points such that the planesA1B1C1,A2B2C2 and A3B3C3 are parallel and
OA1 > OA2 > OA3 > 0. Let Vi be the volume of the tetrahedronOAiBiCi

(i = 1,2,3) andV be the volume ofOA1B2C3. Prove thatV1 +V2+V3 ≥ 3V .

Second Day

4. Let(xn) be the sequence of positive integers such thatx1 = 1 andxn < xn+1 ≤ 2n
for eachn ∈ N. Show that for every positive integerk there exist indicesr,s such
thatxr − xs = k.

5. Let D,E,F be points on the sidesBC,CA,AB of a triangleABC, respectively.
Suppose that the inradii of the trianglesAEF,BFD,CDE are all equal tor1. If r2

andr are the inradii of trianglesDEF andABC respectively, prove thatr1+ r2 =
r.

6. A continuous functionf : R → R satisfies the conditionsf (1000) = 999 and
f (x) f ( f (x)) = 1 for all realx. Determinef (500).
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